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ABSTRACT
Biological structures have inspired synthetic materials with unparalleled performances such as
ultra-lightweight design, tunable elasticity, camouflaging, and antifouling. Among biological
structures, exoskeletal scales that cover the exterior surfaces of fishes, fur, and many reptiles.
These exoskeletal scales had appeared in the earliest stages of evolution of complex multicellu-
lar life and continued their existence in spite of millions of years of evolutionary pressures. This
makes them an attractive candidate for biomimicry to produce high performance multifunctional
materials with applications to soft robotics, wearables, energy efficient smart skins, antifouling
surfaces and on-demand tunable materials. Canonically speaking, biomimetic samples can be fab-
ricated by partially embedding stiffer plate-like segments on softer substrates to create a bi-material
system, with overlapping scales. The bending behavior of this system has been carried out using
assumption of periodic engagement even after scales contact. This is true only under the most
ideal loading conditions or if the scales are extremely dense akin to a continuum assumption on
the scales. Here, we develop a rigorous theory with computational validation of key parameters
which relaxes these restrictions. We also present an analytical study to demonstrate a bioinspired
mechanical pathway to tailor the elasticity of cantilevered beams as an alternative to traditional
functional gradation. In addition, we explore for the first time the dynamic behavior of these scales
during oscillatory motion using analytical models, supported by finite element (FE) computations.
Finally, inspired by the hypothesis that fur surfaces, which consist of plate-like topography, signif-
icantly change the initial stages of biofouling, we shed light on the fundamentals of this process by
reducing the fur to a scale-covered elastica under flow with biomass suspensions. A FE coupled
nonlinear deposition-large deflection model of the system is developed.
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A combination of topology and matter is a common topological strategy in biological materials
and can endow materials with exceptional nontraditional properties. The freedom of topological
organization in materials can also increase the multifunctionality to an extraordinary degree. In
view of this, scales are an ideal template for study. Scales had appeared in the earliest stages of
evolution of complex multicellular life and continued their existence in spite of millions of years
of evolutionary pressures. This has made scales a naturally high performance material with hybrid
and multiscale response to various loads. Their advantages extend well into a variety of important
functions, which enhance survivability, such as protection, camouflaging, and locomotion. For
instance, scale covered organisms have inspired dermal armors fabricated using a soft substrate
with plate-like ceramics embedded on the top layer.
This work focuses on a new class of materials which are based on biologically inspired scales
attached to a slender soft substrate. Such beam and plate like structures exhibit topologically
dictated nonlinearity even in small deformations. Some of previous work have introduced that
the nonlinearity leads itself to highly regime differentiated behavior. However, in order to truly
leverage this system into a material’s and metamaterial’s design framework a structure-property-
architecture framework must be in place. To this effect, model development has still not caught
up to this fact as all of them rely on simple periodic assumption of scales engagement followed
by homogenization. This has limited current models for simple cases of pure bending. Thus, we
develop a rigorous theory with computational validation of key parameters which relaxes these
restrictions. This would inevitably lead to a widening of this class of materials for a number of
applications such as lightweight structural members, energy harvesters, robotic grippers, prosthetic
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parts as well as using the scales motion as sensors for curvature.
In addition, more often, organisms display a large variation in scale within their own bodies. This is
primarily due to both physiological factors and in response to the functional requirements resulting
in varying density of scales and even their arrangements. This motivates a design of functionally
graded (FG) synthetic materials through pursuing surface based strategy such as biomimetic scales.
Thus, we demonstrate a bioinspired mechanical pathway to tailor the elasticity of cantilevered soft
substrates as an alternative to traditional functional gradation. This functional gradation leads to
convenient tailorability to such soft substrates. The work advances the application of soft bioin-
spired structures by providing an alternative simple method to generate and tailor nonlinear behav-
ior, which could be potentially used for a number of applications where traditional cantilevers are
used such as structural and sensing. Our analytical model could be used for carrying out design as
well as understanding the mechanism for functional gradation behavior.
More importantly, the dynamic response of scale-covered structures is still unknown. Here, for
the first time we study the damping and chaotic behavior of these scales during oscillatory motion
using analytical models, supported by finite element (FE) computations to investigate the dynamic
behavior of biomimetic scale substrates for further understanding the origins of the damping that
involve various aspect of scales interaction, sliding kinematics, interfacial friction, and their com-
bination. These nonlinearities are perceptible even in small deformation due to their geometric
origins. Although previous literature on static loading had highlighted the dual role of friction as
a dissipater as well as stiffness enhancer, the dynamic studies revealed that friction predominantly
acts as a dissipater in the dynamic regime.
Interestingly, scales are also a common feature in hair and furs of mammals. In addition, the com-
plex but conspicuous scaly structure on the surface of the furs, as evidenced by scanning electron
microscope images, Fig. 1.1, have long been hypothesized to be a very important factor mediat-
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ing the behavior of anti-fouling. Biofouling is a complex biochemical process and it is essential
to foster a deeper understanding of the physical aspects of the process to investigate prevention
strategies. Here, the effect of topographic pattern along with deformation on fouling characteris-
tics of scale-covered filaments becomes of great interest. We shed light on the fundamentals of this
process by reducing the fur to a scale-covered elastica under flow with biomass suspensions. A FE
coupled nonlinear deposition-large deflection model of the system is developed.
Organism (Macro) Patch (Meso) Fur (Micro) Surface (Sub-Micro)
100 10−1~ 10−2 10−4 ~ 10−5 10−5 ~ 10−6
Characteristic Length (m)
Figure 1.1: Various length scale of fur in nature. The photos are adopted form [1, 2].
1.2 Intellectual Merit
The first intellectual merit of this work is the tailorability of materials behavior using geometry.
The topological effect of external stiff scale-like features on a soft substrates have attracted tremen-
dous scrutiny in recent time due to their unusual mechanical properties such as strain-stiffening and
locking. Endowing tailorable elasticity can have wide ranging engineering ramification. Such tai-
lorability could be possible using some type of spatial gradation in the beam’s material or cross
section. However, these often require extensive additive and subtractive material processing or
specialized casts. We demonstrate an alternative bio-inspired mechanical pathway, which is based
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on exploiting the nonlinearity that would arise from a functionally graded (FG) distribution of
biomimetic scales on the surface using an analytical approach. This functional gradation is ge-
ometrically sourced and could arise from either spatial or angular gradation of scales. The FG
approach will be applied to the case of cantilevered beams as they are of immense importance as
structural and sensorial members for a number of applications. It is worth noting that investigation
of scale-covered systems has been carried out until date using assumption of periodic engagement
even after scales contact. This is true only under the most ideal loading conditions or if the scales
are extremely dense akin to a continuum assumption on the scales. However, this is not true for a
practical system where scales are more discrete and where loading can alter periodicity of engage-
ment. We address this nonlinear problem for the first time in small deflection and rotation regime.
Our combined modeling and numerical analysis show that relaxing periodicity better represents
the geometry of discrete scales engagement and mechanics of the beam under general loading
conditions and allows us to revisit the nonlinear behavior.
This thesis also explores for the first time an interesting problem which is the dynamic response
of scale-covered structures. Biomimetic scales are known to aid in highly dynamic life functions
such as locomotion, swimming, and flapping flights. Therefore, developing an analytical model
to understand the effects of scales in an oscillatory motion advances the science and application
of bioinspired structures by providing key parameters to tailor damping behavior, which could
be potentially used for a number of applications such as soft robotics, energy harvesting and en-
ergy absorbing structures. Our analytical model could be used for carrying out design as well as
understanding the mechanism for synthesizing substrates with tailorable damping.
The second intellectual merit of this work is the fouling characteristic of scale-covered filaments by
considering fur properties at the sub-micro length scale. We couple an external diffusion equation
(in an infinite domain outside the fur) using conventional thin-structure boundary element method
(BEM) to remove persistent singularities from extreme aspect ratios of the fur and couple it with a
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moderately large deformation beam equation in a Lagrangian finite element (FE) – BEM scheme.
A coupled deformation-deposition system is created which will equilibrate to a steady state. This
coupling is studied here to understand the effect of various boundary conditions and fur geometries
on total mass deposition rate on single furs. We then extend the model to study the effect of deposi-
tion in low Reynold’s number flow by coupling with Stokes equation with particle deposition. This
work is novel, because the connection of scale-covered filaments with microbial growth, adhesion,
and removal has not been made. This is likely the first study in which fur surface interactions with
the environment are explored.
1.3 Thesis Outlines
This thesis is organized as follows: Chapter 2 presents the bending of biomimetic scale-covered
beams under discrete non-periodic engagement. A rigorous theory is developed with computa-
tional validation of key parameters which relaxes the restriction of pure bending and periodic en-
gagement of scales. Chapter 3 presents an analytical study verified with computational studies to
demonstrate a bioinspired mechanical pathway to tailor the elasticity of cantilevered beams as an
alternative to traditional functional gradation. Chapter 4 presents an analytical study verified with
finite element (FE) computations to investigate the damping and chaotic behavior of biomimetic
scale substrates for further understanding the origins of the emergent behavior that involve var-
ious aspect of scales interaction, sliding kinematics, interfacial friction, and their combination.
Chapter 5 proposes a new type of soft robotic material to demonstrate the possibility of obtaining
rapid stiffness gains under various loading conditions using a combination of analytical modeling,
finite element (FE) simulations and lab scale experiments. Chapter 6 investigates the fouling char-
acteristics of scale-covered filaments. Finally, the summary of conclusions and future work are
introduced in Chapter 7.
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CHAPTER 2: BENDING OF BIOMIMETIC SCALE COVERED BEAMS
UNDER DISCRETE NON-PERIODIC ENGAGEMENT
Citation:
H. Ali, H. Ebrahimi, R. Ghosh, Bending of biomimetic scale covered beams under discretenon-
periodic engagement, International Journal of Solids and Structures 166 (2019) 22–31
2.1 Abstract
Covering elastic substrates with stiff biomimetic scales significantly alters the bending behavior
via scales engagement. This engagement is the dominant source of nonlinearity in small deflection
regime. As deformation proceeds, an initially linear bending response gives way to progressive
stiffening and thereafter a geometrically dictated ‘locked’ configuration. However, investigation
of this system has been carried out until date using assumption of periodic engagement even af-
ter scales contact. This is true only under the most ideal loading conditions or if the scales are
extremely dense akin to a continuum assumption on the scales. However, this is not true for a prac-
tical system where scales are more discrete and where loading can alter periodicity of engagement.
We address this nonlinear problem for the first time in small deflection and rotation regime. Our
combined modeling and numerical analysis show that relaxing periodicity better represents the ge-
ometry of discrete scales engagement and mechanics of the beam under general loading conditions
and allows us to revisit the nonlinear behavior. We report significant differences from predictions
of periodic models in terms of predicting the behavior of scales after engagement. These include
the difference in the angular displacement of scales, normal force magnitudes along the length,
moment curvature relationship as well as a distinct nature of the locking behavior. Therefore,
non-periodicity is an important yet unexplored feature of this problem, which leads to insights, ab-
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sent in previous investigations. This opens way for developing the structure-property-architecture
framework for design and optimization of these topologically leveraged solids.
2.2 Introduction
Biological structures have inspired synthetic materials with unparalleled performances such as
ultra-lightweight design [3–6], tunable elasticity [7–11], and negative poisson’s ratio [12–16].
Among biological structures, scales had appeared in the earliest stages of evolution of complex
multicellular life [17] and continued their existence in spite of millions of years of evolutionary
pressures. This has made scales a naturally high performance material with hybrid and multiscale
response to various loads [18–25]. For instance, scale covered organisms have inspired dermal
armors fabricated using a soft substrate with plate-like ceramics embedded on the top layer [26].
This design showed that overlapping of scales provides flexibility, damage tolerance, and more
importantly resistance to puncture. Similarly, armadillo scales have also been used as a source
of inspiration for designing flexible armor fabricated using hexagonal glass plates placed on an
elastomer substrate [27]. This type of synthetic armors also yielded a good resistance to puncture
as well as flexibility. In addition, the development of flexible armor has also been implemented on
fabrics [26,28]. However, in addition to material response of the scales themselves, the scales serve
as topological modifications to the underlying substrate. This ‘structural’ as opposed to the purely
material aspect of scales reveals an entirely different regime of response encompassing interesting
nonlinear behavior. In this case, typically scales are attached to a low dimensional flexible substrate
such as a beam or a plate. In such cases, in contrast to armor like ‘local’ loading, scale arrangement
influences global deformation behavior such as bending as the biomimetic scale beam shown in
Fig. 2.1(a). For such scaly substrates, mechanical behavior depends critically on the kinematics of
scale sliding.
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In this context, particularly, scaly structures subjected to a pure bending moment have been in-
tensively investigated due to their practical and theoretical importance in isolating kinematics and
developing moment curvature relationships. For instance, in one of the earliest studies, the mecha-
nism of deformation of a fish scale structure (with the assumption of deformable scales) was inves-
tigated where the authors demonstrated the strain-stiffening response in the structure [29]. Further
work on deformable scales followed investigated stretch and buckling response of teleost fish struc-
tures [21]. To address the mechanics of two-dimensional scaly composite shells, a computational
approach was proposed [30] to establish the relationship between structure and the mechanical re-
sponse. The authors studied the structure under both bending and twisting types of loading. These
studies clearly showed that stiffer scales at a low angle are desirable for maximum performance.
Taking this route and simplifying such a high contrast system (stiff scales and soft substrates)
with rigid scales helps isolate the role of scale kinematics on the mechanical nonlinearity. This
simplified assumption leads to closed form analytical relationships connecting the kinematics to
the mechanics. In this context, the kinematics and mechanics of a one-dimensional scaly beam,
assuming rigid scales, have been addressed [31]. In this work, the authors assumed frictionless
self-contact between scales. Their results revealed the existence of a three different regimes of
mechanical response - linear, non-linear, and locking phase. The effect of friction in sliding kine-
matics of scales has then been further studied in [32]. The study revealed that friction does not alter
the overall nature of behavior although it advanced the locking envelopes further. Further follow
up studies which outlined the envelopes of validitity of the analytical models for rigid scale system
were also carried out using extensive finite element (FE) analysis [33]. Furthermore, composite
architecture with scales only embedded on the top layer of a soft substrate (imitating elasmoid fish
scales) have been presented to account for the deformation mechanism due to compressive load-
ing [34,35]. In their work, the authors found that volume fraction of the embedded plate like scales
has a prime role in changing the stiffness of an elastomer structure.
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These prior investigations underscore the growing importance of using scales as topological ad-
ditives on substrates. In order to fully develop the structure-property-architecture paradigm for
this class of hybrid materials, models are of critical importance. This is because they do not only
reveal and quantify the mechanism of nonlinear behavior but also indispensable for design and
optimization of the architecture. Therefore, it is imperative that models accurately reflect salient
aspects of the system. Thus far, all models have relied on the assumption of preserving periodicity
throughout scales engagement. This assumption allows the isolation of a fundamental represen-
tative volume element (RVE), after which periodic boundary conditions are applied and a global
derivative is affected to obtain the mechanical behavior [21, 29, 31, 32]. However, in any realistic
structural application such post-engagement periodicity is seldom observed either at a global or
local level beyond the simplest of the loading cases such as pure bending (see Fig. 2.1(a)). Period-
icity of engagement can be broken by simply applying different boundary and loading conditions.
For instance, a cantilevered beam would not exhibit periodicity associated with pure bending. This
is approximately shown in the contrasting geometries post engagement between Fig. 2.1(a) and
2.1(b). In fact, the density of scales needed to maintain even local periodicity for such cases is
considerable and typically not observed in real systems which have discrete scales distribution.
More importantly, an enormously dense scale system begins to mask the tunable nonlinearity spe-
cific to scale sliding due to the material constriction effect between the scales [31,34]. Last but not
the least, even for global periodicity, the number of scales in real structures are often not sufficient
to justify a continuous distribution.
In spite of these known limitations, existing models still rely on periodic frameworks which cannot
be directly applied or even extended to the non-periodic cases such as the case of a cantilever beam
illustrated in Fig. 2.1(b). Therefore, it is imperative that investigation be based on more accurate
models which could address the lack of periodicity and discrete nature of the scales. This work






Figure 2.1: (a) A manual illustration of periodic engagement of scales as the underlying structure
bends uniformly. (b) An illustration of non-periodic engagement of scales through the example
of a cantilever scaly beam. The substrate and scales were printed using Polylactic Acid (PLA)
and Vinylpolysiloxane (VPS), respectively. The dimensions of the fabricated substrate are 200
mm (length) x 25 mm (width) x 5 mm (height) while scale dimensions are 35 mm x 25 mm x 1
mm with inclination angle of 10◦. The spacing between scales is 10 mm. Inset: Schematic of
deformation modes
mechanics of a one-dimensional scaly beam using scale-by-scale interaction approach obviating
the need for global or local periodicity. The theory is first applied to structures that undergo a
uniform bending which are compared with results in literature [31]. The model is then validated
using FE-based numerical studies to show the accuracy of our theory. Kinematics and mechanics
of non-uniform bending structures will also be presented for the cases of simply supported and
cantilever beams. The analytical results show an excellent match with FE results which prove that
no other mechanical assumptions are needed to explain previous discrepancies.
2.3 Materials and Methods
Geometry: The geometry of the system in the reference configuration is illustrated in Fig. 2.2.
A periodic arrangement in the reference configuration is apparent. The underlying substrate is
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assumed to be a uniform beam of length L. The length of the scale is assumed to be ls = l +Ls
where l is the exposed part of the scale and Ls is the embedded part. The thickness of the scale
is considered to be D and the beam thickness is h. It is further assumed that D ls and h Ls,
an assumption commonly made indicating scales thin are confined to the top of the substrate. We
denote the ratio of scale length to separation as η = l/d where d is the distance between the scales.
The scales start with an initial scale angle θ0 measured with respect to the beam centerline and
rotates to an angle θ as the engagement proceeds.
 
ℎ 𝐿𝑠 𝐷 
𝑙 
𝑑 
Figure 2.2: The reference configuration of scaly biomimetic system, and a schematic diagram of
two neighboring scales. The sample has the same dimensions as the one illustrated in Fig. 4.1
.
Materials: A typical scaly biomimetic system features scales which are much stiffer than the
underlying substrate. This study targets a system which could be comprised of a silicone based
substrate of modulus E = 1.5 MPa and poisson’s ratio ν = 0.42 [36] and PLA plastic for scales
with E = 2.86 GPa. Note that soft polymeric substrate material can exhibit nonlinear elasticity.
However, for the range of deformation considered in this paper, our uniaxial lab tests ( using MTS
Insight®) indicated linear behavior for both materials. Clearly the moduli are widely divergent for
these materials which allows for treating the scales as rigid as long as locking conditions are not
realized [21, 33]. The strains are assumed to remain small and the beam can be approximated by
the Euler-Bernoulli assumptions. A further un-stretchable constraint on the beam is imposed.
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Kinematics: The periodicity after contact is a typically strong constraint and will be readily vio-
lated via boundary and loading conditions for a practical system. An example of this is the case of
non-uniform bending such as cantilever or distributed loading. Local periodicity, however, could
be maintained for very high density of scales but that would transition this system to a more com-
posite and coating type systems dictated by material constrictions [34, 35].
In order to address the breakdown of periodicity, a scale-by-scale discrete approach is introduced
in this work. It is assumed that in the reference configuration, the position of the ith scale on the
substrate is given by xi. A general material point on the substrate in the reference flat state is
denoted by x. This is shown in Fig. 2.3(a). The current configuration of the scale is quantified
by the coordinates xLi ,x
R
i which are the left and right ends of the scale as shown in Fig. 2.3(b). In
the case of pure bending, the typical measure of deformation is the curvature. However, for more
general loading case an alternative way to devise deformation is presented in this paper using a
shape function f (x) and its normalized amplitude γ which determines the extent of load. Therefore,
in the current configuration, the material point now occupies a vertical position y(x) = γ f (x). In
practice, γ is a unit less constant which depends on the load, beam geometry and substrate material.
In pure bending, moment causes a substrate to deform into an arc. In small deflection, this arc will
follow the form y(x) = κ(1/2x2−Lx/2) with the instantaneous curvature κ =M/EI where L is the
length of the beam, M is the bending moment, and EI is the flexural rigidity of the beam [37]. We
non-dimensionalize the curvature with the beam thickness to get γ = κh. On the other hand, the
deflection of a simply supported beam of flexural rigidity EI and uniform loading w0 has the form
y(x) = w024EI (2Lx
3− x4−L3x). In this case, γ = w0h
3
24EI . Finally a cantilever beam with point load p0
at the tip deforms according to the function y(x) = p06EI (x
3−3Lx2) which makes γ = p0h
2
6EI [37].
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(b)
Figure 2.3: (a) A geometry of a beam with scales at the initial configuration. (b) A configuration
of the deformed beam and scale geometry before engagement.
fore engagement commences. From this geometry, we can write for any scale, before engagement:
xRi = x
L
i + l cos(θ0 +ψi),
yRi = y
L
i + l sin(θ0 +ψi), (2.1)
tan(ψi) = γ f ′(xLi ),and x
L
i ≡ xi.
Where θ0 is the initial inclination angle of the ith scale and ψi is the inclination angle of the beam
at the base of the ith scale. This geometry will undergo further change as engagement proceeds.
The scales engagement can be tracked using the distance parameter ∆i of the right extremity of





((yLi+1− yRi+1)(xLi+1− xRi )− (xLi+1− xRi+1)(yLi+1− yRi )), i = 1, ..,Ns−1 (2.2)
Where Ns is the total number of scales. As ∆i becomes zero, engagement condition is met.
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To illustrate the effect of geometry change after engagement, two sequential scales i and i+ 1
at a general point of engagement is taken. This is shown in Fig. 2.4(a). At this point, scale i
is engaged with scale i+ 1. After engagement, the geometry is constrained. The kinematics is
governed by Eq. (2.1) with θ0 replaced with θi. Moreover, θi and θi+1 are both unknown, which
makes the geometry statically indeterminate. To resolve this impasse, an additional constraining
condition utilizing the normal reaction moment balance between scales after engagement would
be required. The scale rotation is modeled (similar to previous work [29, 31]) as a linear torsional
spring which rotates about a fixed point. The spring constant KB is known to follow the analytical
expression KB = CBED2(Ls/D)n where E is the modulus of elasticity of the substrate and CB,n
are constants with values 0.66,1.75, respectively [31]. However, using a new set of finite element
(FE) simulations, CB was found to a more accurate value of 0.86 to specifically account for small
initial inclination angles θ0 < 10◦. In the case that i+ 1th scale is itself not engaged to i+ 2th,
there are four unknowns which are θi , θi+1 , xRi , and y
R
i . In order to obtain these unknowns, four
constraining conditions would be required. These conditions are: the fixed length of the scale due
to rigidity, the vanishing distance parameter due to contact, and the moment balance at the base of
the ith and i+1th scale using the free body diagram illustrated in Fig. 2.4(b). Thus, the following
equations emerge:
tan(θi +ψi) =












yRi − γ f (xi)
)2
= l2. (2.5)















































Figure 2.4: (a) A deformed beam and scale geometry at a general point of engagement. (b) A FBD
of an individual scale.The dotted-adjacent scales are added for clarification.
more involved. For the case of engagement of only two scales, balancing the moment about points














yRi − γ f (xi+1)
)2 with i = 1 : Ns−1.
The fourth equation is now
(θi−θ0)ri− l cos(αi)(θi+1−θ0) = 0. (2.7)
The four highly nonlinear Eqs. (2.3) through (2.5) and (2.7) must be solved numerically to obtain
θi , θi+1 , xRi , and y
R
i . Now extending this to a more general case of Ne scales being engaged, the
total number of unknowns would be: Ne scale angles, θi, i = 1 : Ne, 2Ne−2 coordinates of the right
end of the scales (xRi ,y
R
i ), i = 1 : Ne−1. Note that the coordinate requirements is reduced by one
because the last scale undergoes no further engagements. This leads to a total of 3Ne−2 unknowns.
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The total number of equations include the Ne−1 equations which correspond to constraint on the
length of the scales and 2Ne− 2 which are based on the geometry of engagement of each scales
excluding the last one. This yields a total of 3Ne−3 equations. Finally, an additional equation is
generated through the moment balance at the base at the last (far right) scale. Thus we now have a
system of 3Ne−2 unknowns and as many equations. Thus, balancing the moment about points B
and C, Fig. 2.4(b), yields the following equation which can be utilized for finding the normal force









Following the general procedure mentioned above, we can calculate the positions of all scales
using a numerical solver such as available in commercial code MATLAB to maintain equilibrium
at every step of deformation of the underlying substrate. Note that the angle of the right most
scale will progressively decrease after engagement until it reaches an approximately zero angle.
Accordingly, θi+1 becomes known and the unknowns are only xRi , y
R
i , and θi. The structure
now becomes statically determinate. Eqs. (2.3) through (2.5) can then be simplified to uniquely
determine the position of the ith scale. After simplification, Eqs. (2.3) through (2.5) yield the
following quadratic equation:
(xRi − xi)2 + γ f (xi+1)+
γ f ′(xi+1)+ tan(θi+1)
1− γ f ′(xi+1) tan(θi+1)
(xRi − xi)− γ f (xi) = l2 (2.9)
Equation. (2.9) has only one unknown xRi and gives the right x−coordinate of the ith scale. From
this equation, one can obtain yRi as
yRi = γ f (xi+1)+
γ f ′(xi+1)+ tan(θi+1)
1− γ f ′(xi+1) tan(θi+1)
(xRi − xi) (2.10)
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and finally θi is calculated via Eq. (2.3). Note that Eqs. (2.3), (2.9), and (2.10) are only utilized
for finding the equilibrium configuration of the scales once the far right scale has reached an
approximately zero inclination angle.
Mechanics: To better understand the mechanics of a scaly structure, one can envisage that the
bending mode is a combination of substrate bending and scales rotation. In other words, the
structure stores energy during bending mode via the deflection of the beam and rotation of scales
that is modeled as a linear torsional spring as described above [29, 31]. Thereafter, the mechanics
of these structures is approached by employing the principle of minimization the total potential
energy. We can write the total potential energy as Π = Ωbeam +ΩscalesH(−∆i)−W . Here Ωbeam
is the strain energy of the underlying beam, Ωscales is the strain energy due to the rotation of
scales, and W is the work done by the applied load and H is the Heaviside step function to track
engagement. Since the deflection of the beam follows the form y = γ f (x), the energetic principle
is equivalent to finding γ that minimizes the potential energy through setting its first derivative to
zero. This leads to the following variational energetic equation dΩbeamdγ +
dΩscales
dγ H(−∆i) = dW/dγ .
In general, the deflection will be characterized by the following two steps. First, we adopt γ for the
case of a virgin beam under appropriate loading conditions [37]. Once γ is acquired, the second
step becomes finding an equivalent load that balances the increase in the energy due to scales
interaction.




Mdκ ′ while the total







2H(−∆i). The moment-curvature relation-
ship can be then expressed as:









H (−∆i) . (2.11)
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Here dθ/dκ is numerically evaluated for all the rotation angles of scales and their corresponding
curvature. This relationship is equivalent to the one derived in earlier studies [29, 31].
Non-uniform bending is illustrated through the examples of simply supported and cantilevered
beams. For the case of a simply supported beam subject to a uniform distributed load w0, the work




woy(x)dx. The amplitude γ is w0h
3
24EI and therefore the deflection of
the midpoint of the virgin beam can be expressed as ymid =
5w0L4
384EI [37]. After engagement, the
midpoint deflection will have the same formula. However, w0 will be replaced with w which is an
equivalent load that provides the same midpoint deflection of a virgin beam including the effect of
scales interaction. The equivalent load can be written as:










Similarly, the work done in a cantilever beam due to a point load p0 applied at the tip is W = p0y(L).
Therefore, the tip deflection is ytip =
p0L3
3EI while γ =
p0h2
6EI [37]. The interaction of scales will make
p0 increase in order to obtain an equivalent deflection in the case of having un-scaly substrate.
This load is expressed in Eq. (2.13), and it is the alternative to p0 to find the tip deflection after the
interaction of scales begins.










It is worth noting that the concept presented here can be applied to scaly structures with general
types of loading and boundary conditions. Furthermore, to verify the kinematics and mechanics
results of the three examples illustrated in this paper, finite element (FE) simulations using a com-
mercially available software ABAQUS (Dassault systemes) were carried out. For FE models, an
assembly of two parts was made- substrate and scales, both of 2D deformable shell type. There-
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after rigidity was imposed on the scales obviating any need for material properties for scales. Thus,
the model consists of a linear elastic substrate and embedded rigid scales with isotropic material
properties presented in Table. 2.1. A static linear step was used to match the corresponding kine-
matics of Euler-Bernoulli beam. The contact was employed via self-contact option through the
entire geometry with frictionless sliding between every two neighboring scales along with node
to surface discretization method to prevent any penetration between scales [39]. The loading and
boundary conditions for each case is presented in Table. 2.2. To obtain mesh convergence, a global
size parameter of 5 was used which was progressively reduced to 1 [39]. This was sufficient for
mesh convergence. In addition, the element used was in the family of plane stress with quadratic
geometric order. Due to the complexity of top surface of our scaly beam, the area that are far from
the embedded part was meshed using the biquadratic element CPS8 [39] while the neighboring
area was meshed utilizing a triangular quadratic element CPS6M [39]. The total number of el-
ements in the entire model based on the number of scales added to the substrate is presented in
Table. 2.3.
Table 2.1: The material properties utilized for our substrate and scales in ABAQUS (Dassault
Systemes).
Material Substrate Scales
Young’s Modulus 1.5 MPa Rigid
Poisson’s ratio 0.42 [36] Rigid
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Table 2.2: The boundary and loading conditions utilized in ABAQUS for the three examples pre-
sented in this paper to validate our model. Note that U refers to the displacement in a specified




Left edge Right edge
Uniform bending
Ux = 0, Uy = 0
Uz =−0.4 rad
Uy = 0







Force per unit length
applied to the bottom edge
Cantilevered
beam
Ux = 0, Uy = 0
Uz = 0
point load in
Y-direction to the right edge








The reduction in error (for the case of uniform bending) when deviating from the periodicity as-
sumption is quantified through a formula ε = (M(κ)−MFE(κ))/(MFE(κ)). Where MFE(κ) is
the applied moment obtained from FE at the largest curvature during bending while M(κ) is the
applied moment computed using the model and the one presented in [31].
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2.4 Results and Discussion
2.4.1 Deviation from Periodic Engagement in a Scaly Beam
The regime where periodicity of scales engagement is preserved is first studied to compare with
previous analysis. This is only observed when a scaly beam is uniformly bent, which is the case
of applying a pure bending moment, and can be clearly seen in the axial stress plots in the FE
results shown in Fig. 2.5(a). The figure illustrates a uniform bending of a scaly beam consisting
of 20 scales in which the instant of engagement occurs at the same angle of curvature ψ = ψi.
Additionally, the results in the stress contour matched the theoretical pure bending formula σxx =
My/I for a plain beam except the area near the bottom edge of scales where an increase in the
stress is expected due to stress concentration. This high stress does not, however, change the
global behavior of the structure due to the lower volume fraction of the embedded scales as had
been previously presented [34]. Note that beyond this limited case of uniform bending, it is clear
that periodic engagement of scales is no longer valid as illustrated by the non-uniformity of the
axial stress contours. This is the case for non-uniform bending of the underlying substrate such
as a cantilevered scaly beam, Fig. 2.5(b), and the case of uniform loading on a simply supported
scaly beam, Fig. 2.5(c).
2.4.2 Local Behavior - Scale Response
The previously developed analytical formulation of the kinematics can be used to study the scale
angles for uniform bending. Such calculations reveal the extent of periodic engagement of scales
by tracking the motion of all the 20 scales in the structure with a total of 20 scales with overlap
ratio η = 5. The results are illustrated in Fig. 2.6(a) in which the angular displacement of the scales











Figure 2.5: (a) The initial engagement of scales, when the substrate uniformly deflects, with a
contour plot of the vertical deflection of the beam at that instant. The dimensions of the substrate
are L=1000 mm, h = 50 mm while the scale dimensions are l=250 mm , D = 0.05 mm, and Ls
= 7 mm. The substrate was assigned modulus of elasticity E=1.5 MPa and ν = 0.42. (b) The
breakdown of periodic engagement of scales of a cantilever scaly beam subject to a point load at
the tip . (c) An illustration of the lack of periodic engagement of scales via the example of a simply
supported scaly beam loaded uniformly.
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scales (horizontal line) until engagement curvature is reached, after which scales begin to change
angles due to scale sliding. For this particular case, a different initial angle would only affect the
point of engagement which is going to be a single simultaneous event. For this plot, this will
cause the initial horizontal section (before the fan like divergence) to either shorten (lower θ0) or
lengthen (higher θ0). However, an important distinction arises from previous studies even for this
case. Here, the scales angles begin to differ from each other violating periodicity. The scales are
numbered 1−20 starting from the left side as shown in the inset. The scales on the left of the mid-
point (scale number 10) increase in angle as expected from previous periodic theory. However,
scales on the right of this point begin to decrease in angle. The verification of these predictions is
carried out with FE simulations of an identical system for a few select scales (in this case selected
randomly as number 1,6,15, and 20) and depicted in Fig. 2.6(b). The figure also compares this
model with periodicity assumption used in the literature. Clearly, the current model shows an
excellent match with the FE simulations for the kinematics.
Non-periodic engagement of scales was also observed when the underlying substrate undergoes
a non-constant curvature deformation. This makes periodicity impossible from the outset requir-
ing using the analytical formulation developed above. First, a simply supported beam subject to
a uniform loading w0 is studied. In this case, γ =
w0h3
24EI since γ quantifies the amplitude of the
deflection of the beam and serves as proxy to curvature of previous plots. The results shown in
Fig. 2.7(a) illustrates scale rotation angles with γ for select scales 6,11, and 16 for brevity. The
developed model once again gives excellent match with FE results. Note that the scales angles
variation with deformation is not necessarily linear. Even more interestingly, a symmetry in the
loading and boundary conditions did not lead to any symmetrical behavior in the scales kinemat-
ics. Clearly, the scale ‘handedness’, i.e. direction of inclination of the scale played a crucial role
in this symmetry breaking. Furthermore, scales engagement begins in the positions that possess
higher curvature as the substrate continuously deforms. In the simply supported scaly beam, scales
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Figure 2.6: (a) The angular rotation of 20 scales embedded on the top layer of a substrate subject
to a pure bending moment. (b) The solid lines depict the inclination angle of four randomly-
selected scales from the 20 scales. The hollow circles are the analytical solution based on a periodic
boundary condition (PBC) that assumes the angular rotation to be the same for all scales [31], and
the black dotted circles illustrate the FE results.
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start engaging from the middle and then continue outwards from the center of the beam toward the
edges. Additionally, the results show that the angle of scales placed near the right edge of the beam
reduces until it touches the subsequent scale and thereafter starts increasing.
The other example presented to study scales angles of non-uniform bending is the deformation of a
scaly cantilever type beam with a point load applied at the tip. The scales angles are plotted versus
γ = P0h
2
6EI , and the results are depicted in Fig. 2.7(b). The figure clearly shows the non-periodicity
of scales engagement. The asymmetry in the structure provides an increase in the scales angles
after the engagement with a subsequent scale. It is noticeable that a cantilever scaly beam requires
a small θ0 in order for scales to engage early unlike the case of a simply supported scaly beam.
However, in this case the engagement will not be a single simultaneous event but a progressive one
as more scales are engaged. A higher θ0 will lead to a later point of divergence like the previous
cases. However for the current study, we have not studied substantially higher θ0 since that will
require much higher deformation to engage making the substrate stretch, which is neglected in
the developed model. This seems to be the reason for the slight deviation in the results when
comparing with FE. This could be an important factor for higher angle scales, although they are
not typically considered to be as useful due to late engagement.
These results also forces a re-discussion on the limits of nonlinearity i.e. locking behavior (bending
rigidity sharply increases due to transition from substrate to stiff scale bending) at which the sliding
of the scales would eventually stop [29,31]. For periodic engagement of rigid scales, a relationship
that relates the locking angle of the scale θlock to the substrate unit cell rotation ψ was derived
earlier θlock +ψlock/2 = π/2 [31]. This formula was derived based on studying the kinematics of
a single RVE due to imposition of periodicity. The periodicity of the geometry makes any further
motion geometrically impossible. The normal force (see Fig. 2.4(b) ) at this point is singular and
same for all scales. However, in practical cases this point is never reached due to scale deformation
or frictional effects even for minor coefficients of frictions [32]. In the current problem, the lack
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of periodicity precludes a kinematic lock. However, considering the critical importance of the
normal reaction force, locking could be reformulated on the basis of normal reaction force. The
normal force can be determined employing Eqs. (2.6) and (2.8) and plotted for all embedded
scales, Figs. 2.8(a) through 2.8(c). Normal force will not be constant due to lack of periodicity.









































Figure 2.7: (a) The angular displacement of three scales chosen from the same scaly beam with
the imposition of simply supported boundary conditions. (b) The change in angle of three scales
when the scaly beam was constrained to deflect as a cantilever type beam.
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In fact, calculations in this paper reveals that the normal force which has been previously assumed
to be the same for all scales when a scaly structure undergoes a uniform bending is not always
true. The normal force in the results is normalized by the product of height of the beam h and
the spring constant KB. For the case of uniform bending, the theory developed above revealed
that the non-dimensional normal force follows a parabolic shape, which indicates that the structure
begins locking from the middle of the beam. Fig. 2.8(a), compares the normalized reaction forces
utilizing the developed theory (Eqs. (2.6) and (2.8)) and the previous work with FE for the cases
of κ
κlock
= 0.15 and 0.2 for pure bending. The κlock was calculated following the formula θlock +
ψlock/2 = π/2. The figure also compares the constant normal reaction arising from the periodicity
assumption at any given curvature. However, in reality this is not the case even for pure bending
with maximum normal force in the middle which then decreases near the edges as shown in FE
simulations, Fig. 2.8(a). This phenomenon is accurately predicted by the currently developed
theory. The periodic theory also over predicts the normal reaction, which is also corrected in this
work. However, for periodic contact, an ideal case for locking is a kinematic limit although it is
likely that the spike in normal reaction in the middle of the mid prevents locking far earlier than
kinematic prediction via deformation or friction (which would no longer remain negligible).
The current model also demonstrated that locking for the case of non-uniform bending of a simply
supported beam subject to a uniform loading begins at the middle of the structure and progresses
thereafter. This is depicted in Fig. 2.8(b), which illustrates the normalized reaction force between
the scales for the two deformation cases of γ = 3.12e− 5 and 3.75e− 5 underscoring the sharp
increase in normal reaction profile.
On the contrary, the cantilever configuration where the load and boundary condition are not sym-
metric will start locking near the edge that is exposed to the highest curvature. The normal reaction
force between scales in the cantilever scaly beam is shown in Fig. 2.8(c) for two deformation cases
of γ = 2.25e− 4 and 2.5e− 4 which indicates sharply rising normal reaction towards the built in
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side. The presented theory demonstrated that locking would not take place globally in the structure,
but in a more gentle progressive fashion starting from location determined by the curvature.


























































Figure 2.8: (a) The red dots represent the non-dimensionalized normal force between scales after
engagement for two cases of κ/κlock when the beam experiences a uniform bending. The hollow
circles are the results of the periodic boundary condition assumption (PBC) [32] and the FE results
are shown using the black dots. (b) The variation of the normalized normal force between scales
after engagement of a simply supported beam with 20 scales. (c) Non-dimensional reaction force
between scales for the case of a cantilever scaly beam.
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2.4.3 Global Behavior - Load-displacement Characteristics
Turning to mechanics to calculate load-displacement like characteristic, the developed model re-
sults in an excellent match between our results and those of FE simulations for all these cases. In
the next examples, the results of the mechanical behavior of scaly beams have been normalized by
the height of the beam. Figure 2.9(a) depicts the non-dimensionalized moment-curvature relation-
ship and illustrates how the overlap ratio plays a crucial role in stiffening the structure. The results
are plots of the moment curvature for two cases of η = 5 and 10. The presented theory exhibits an
excellent match with the computational models, improving 17% error in [31] to 1% here for η = 5
and 33% error to 1% for η = 10. This shows that simply allowing for non-periodicity is sufficient
to capture most of the deviations in small deformation nonlinear mechanics of these substrates.
Additionally, the normalized mid-deflection of a simply supported scaly structure was plotted ver-
sus the solution obtained from the linear theory of the deflection of beams Ȳs = 5w0L4/384EIh [37],
and the results are shown in Fig. 2.9(b). Again, an addition in the stiffness of the underlying sub-
strate requires higher η , which can be increased by either increasing l or decreasing d. Note that
lowering d between scales may delay the engagement of scales unlike increasing l, a direct con-
clusion from the vanishing distance parameter. The figure also exhibits an excellent match with
the results obtained from FE.
For the cantilever beam, not much difference was found from the plain beam for η = 5 in contrast
to the simply supported beam. This is because the curvature was not large enough to engage
sufficient number of scales. Therefore, for cantilever simulation, η = 10 was utilized to effect an
appreciable stiffness gain, Fig. 2.9(c) where ȲC = p0L3/3EIh [37]. It is worth noting that even
for the case of this higher η , not all embedded scales has been engaged due to the low curvature
near the tip of the cantilever scaly beam. The results shown in Fig. 2.9(c) show an excellent match
between our theoretical model and computational results.
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Figure 2.9: (a) A comparison of the non-dimensionalized moment-curvature relationship of a scaly
beam with different η using the current method, a PBC: periodic boundary condition assumption
previously presented in [31], and FE . (b) The stiffness gained in the deflection of a simply sup-
ported scaly beam for different η due to scales interaction. (c) The deviation in the tip deflection
of a cantilever scaly beam from linearity due to the higher engagement ratio of scales.
32
2.5 Conclusions
Previous models in literature have always assumed periodic engagements of scales, which had
resulted in appreciable deviation from fully resolved FE models. In addition, periodicity makes
it impossible to track the local angular changes of the scales. The previous models could not
take into account the particular deformation modes, which are inherently non-uniform such as
those presented in this paper. In such cases, local periodicity is often an unphysical restriction on
realistic macro length scales as evidenced by visual observations of the deformed structure and
finite element simulations. These particular aspects have been addressed by our model making
it more accurate. This is a significant step towards developing the structure-property-architecture
framework for topologically leveraged solids such as these opening way to better integration with
additive manufacturing and possible topology optimization. The model introduces a new and more
accurate way to predict the mechanical properties of the scale covered substrates. The analytical
predictions for three test cases have been derived and thoroughly validated with finite element
calculations. It was found that non-periodic post engagement behavior cannot be neglected as
the errors could be significant. In the same vein, incorporating periodicity eliminated most of the
discrepancies of the previous models completely thereby showing no further source of inaccuracies
in the previous models. Using non-periodic general theory allows us to interpret locking more
accurately since the original formulation depends on a simultaneous, locked position. It was found
that locking in symmetric scaly structures begins at the middle of the structure and continues
outward towards the edges. On the other hand, for the case of non-symmetric scaly beams, locking
starts near the edge that is exposed to the highest curvature. Symmetric structures require less of
an overlapping ratio than non-symmetric structures in order to gain a noticeable stiffness. This is
important for a number of applications such as substrate design, soft robotic gripper, deployable
structures etc. which would exhibit complex non-periodic and discrete type mechanics.
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CHAPTER 3: TAILORABLE ELASTICITY OF CANTILEVER USING
SPATIO-ANGULAR FUNCTIONALLY GRADED BIOMIMETIC
SCALES
Citation: H. Ali, H. Ebrahimi, R. Ghosh, Tailorable elasticity of cantilever using spatio-angular
func-tionally graded biomimetic scales, Mechanics of Soft Materials 1 (1) (2019) 10
3.1 Abstract
Cantilevered beams are of immense importance as structural and sensorial members for a number
of applications. Endowing tailorable elasticity can have wide ranging engineering ramification.
Such tailorability could be possible using some type of spatial gradation in the beam’s material
or cross section. However, these often require extensive additive and subtractive material process-
ing or specialized casts. Herein, we demonstrate an alternative bio-inspired mechanical pathway,
which is based on exploiting the nonlinearity that would arise from a functionally graded (FG)
distribution of biomimetic scales on the surface using an analytical approach. This functional gra-
dation is geometrically sourced and could arise from either spatial or angular gradation of scales.
We analyze such FG cantilever beams under different loading conditions including point loading
at the free end, uniform traction, linearly distributed traction, and concentrated moment loading at
the free end. In comparison with uniformly distributed scales for all cases of the loading addressed,
we find significant differences in bending stiffness for both spatial and angular gradations. Spatial
and angular functional gradation share some universality but also sharp contrasts in their effect on
the underlying beam. We also quantify the landscape of spatio-angular tailorability on stiffness
gains. We compare our models with select experiments for validation. This highlights that a com-
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bination of both types of gradation in the structure can be used to alter stiffness and therefore offer
a pathway to tailor the elasticity of a cantilever beam relatively easily. These results demonstrate
an architected framework for designing and optimizing scale covered FG beams.
3.2 Introduction
Cantilevered beams arise in a number of diverse engineering applications spanning an enormous
variety of length scales [40–49]. In several of these applications, tailoring elasticity can be of
tremendous significance since it can be used to design the response according to stimulus or guard
against unwanted instabilities. To this end, functional gradation (FG) is a useful strategy. FG ma-
terials are high performance composite materials consisting of two or more constituent phases
with variation in composition. This gradation can lead to a desired enhancement in the ther-
mal/mechanical properties, compared to their conventional counterparts. This makes them ideal
for various engineering applications including biomedical [50,51], cellular structures [52–57], soft
robotics [58, 59] and several others [60, 61].
However, typical FG materials could be difficult to fabricate requiring extensive materials pro-
cessing such as directional solidification [23], specialized machining paths or even additive man-
ufacturing [62, 63]. An alternative exists in pursuing surface based strategy such as biomimetic
scales. Such dermal scales are a pervasive feature within Kingdom Animalia. Their advantages
extend well into a variety of important functions, which enhance survivability, such as protection,
camouflaging, and locomotion [64–68]. In nature, certain fishes possess remarkably periodic scale
distribution, for instance, Elasmobranchs [69, 70] and Teleosts [71–74]. However, more often,
organisms display a large variation in scale distribution within their own bodies [75–78]. This
is primarily due to both physiological factors [79–81] and in response to the functional require-
ments [82–84] resulting in varying density of scales and even their arrangements. Members of
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the order Squamata and Crocodilia display axial functional scale gradation, to improve locomo-
tion [82]. Their scale density increases near the head and tail in order to enable a better spatial
mobility [82]. This gradation also varies among species, for instance snakes, boas, pythons, and
many vipers have small irregularly-arranged head scales in contrast to the large systematic head
scales of most advanced snakes [82]. Interestingly, scaly features with functional gradation are
also common in hair and furs of mammals [85].
At the laboratory scale, biomimetic scale covered structures can be fabricated by embedding plate-
like structures into a soft substrate [26, 31, 86]. Extensive work has been conducted on the kine-
matics and mechanics of biomimetic scale covered structures from the point of view of localized
loading such as armor applications [87] as well as fostering nonlinearities in global deformations in
bending and twisting stemming from scales engagement [21,29–32,34,88,89]. In these studies, the
uniformly distributed scales are considered. This considerably simplifies the design and analysis
but unfortunately also precludes the many advantages that come from functional gradation.
In this paper, we study the effect of spatio-angular FG of scales in altering the behavior of biomimetic
scale covered cantilevered beam under different loading conditions including point loading at the
free end, uniform traction, linearly distributed traction, and concentrated moment loading at the
free end. Motivated by purely qualitative experiments, we investigate the behavior in detail us-
ing an analytical model aided by computational investigations. Our results disclose significant
differences in bending stiffness for both spatial and angular gradations for all cases of the load-
ing addressed. We found that there are some striking similarities among traction or point loading
conditions. Interestingly, for concentrated moment loads, we find the behavior to be qualitatively
different. This is in contrast to traditional FG or composite materials. We also quantify and com-
pare the combined spatio-angular tailorability for all four load cases to elucidate the full landscape
of variability.
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3.3 Material and Methods
3.3.1 Kinematics of Cantilever FG Biomimetic Scale-covered Beams
Scales on the surface can demonstrate functional gradation in two distinct geometrical variables -
spatial (scale distribution) and angular (scale inclination), Fig. 3.1(a). We demonstrate the effect of
these gains using qualitative experiments of beam deflection, Figs. 3.1(c) and 3.1(d). These figures
illustrate a noticeable difference in deflection between two similar FG biomimetic scale covered
samples, one with uniform distribution and the other linear FG, under their own self weight. These
samples were fabricated through adhering 3D printed scales (Poly Lactic Acid (PLA)) with an elas-
tomer known as Vinylpolysiloxane (VPS). Both samples were clamped at one side. The deflection
was measured due to the weight of the fabricated samples. The FG scale sample demonstrates a
decrease of 30% in deflection, compared to uniform scaly sample (a direct observation from the
scaled mat).
For our analytical model, the FG biomimetic scale covered beam is composed of an underlying
substrate and partially embedded scales on its surface, Fig. 3.1(b). The substrate is of length LB
and height h, while each individual scale of thickness D is consisted of an exposed part of length
l and embedded portion L, which makes the total length of scale be ls = l +L . We refer to the
overlapping ratio of scales as η = l/d, where d is the spacing between two adjacent scales [31].
Note that as we introduce spatial gradation, η will vary with position. In such FG beams, all scales
would start from an initial inclination angle θ0 measured with respect to the beam centerline and
increase after engagement in a highly nonlinear fashion [29, 31, 89]. We measured the Young’s
modulus of the of VPS and PLA via tensile test using an MTS Insight®, and found them to be 1.5
MPa and 2.86 GPa, respectively.
This high contrast in the modulus along with the assumption D ls and L h (Shallow em-
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bedding) allows us to model the scales as rigid plates embedded in a semi-infinite elastic media.
Accordingly, the scales rotation is modeled as a linear torsional spring [29,31]. We further impose














Figure 3.1: (a) Three biomimetic scale covered beams (from top to bottom) in which scales are
uniformly distributed (top), linearly placed along the beam (middle), and uniformly distributed
with linear variation in angle along the beam (bottom). (b) A 3D SolidWorks model of a substrate
with embedded scales arranged linearly along the length of the beam and a schematic diagram of
two adjacent scales. (c) The deflection of a cantilever biomimetic scale covered beam (with scales
equally spaced) due to beams self-weight. (d) A self-weight deflection of a cantilever biomimetic
scale covered beam in which the scales are linearly distributed with the same initial inclination
angle θ0 = 5◦. The dimensions of the beam and scales are 220 mm (length) × 25 mm (width) ×
10 mm (height) and 35 mm × 25 mm × 1 mm, respectively.
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We start our model by first acknowledging the lack of global periodicity in FG scaled systems due
to the non-periodic engagement of scales and non-uniformity of bending caused by the boundary
and loading conditions [89]. This prevents us from using the same form of kinematic relationship
developed earlier [29, 31]. Also, addressing the kinematics of the FG system is considerably more
challenging than uniformly distributed scale case considered earlier in literature which relied on
periodic engagement [29, 31, 32]. We therefore use an alternative approach developed more re-
cently [89] which can better capture the non-uniformity that arise in FG system. We impose a
deformation on the underlying substrate in the form y(x) = γ f (x) , where f (x) is a shape function
and γ is a dimensionless constant determined by the beam material, geometry, and load. For a
beam without scales, for a given loading condition, the shape of the deflected beam would be a
function y(x). For instance, for a cantilever beam of bending rigidity EI , length LB, and subjected
to a point load of p0 at its free end, the deflection is given by y(x) = p0h/6EI(3LBx2− x3). As
the load is increased, the deflection also increases but the overall shape, which is captured by the
function f (x) = 3LBx2− x3 remains the same. Therefore, we can isolate the loading effect on de-
flection using a form y(x) = γ f (x) where γ = (p0h)/6EI is the normalized load factor. Clearly, for
different boundary condition or loads, we will have different γ and f (x). This approach is similar
to the one commonly used in literature [90,91]. Next , we assume that in spite of adding the scales,
the corresponding shape function would not change for the given loading but instead would only
vary in magnitude. This would result in our scale covered FG beam deflection to be y(x) = γ f (x)
with a different γ . The engagement of scales can then be tracked by means of the distance param-
eter ∆i. The distance parameter is the perpendicular distance between the right extremity of one of




((yLi+1− yRi+1)(xLi+1− xRi )− (xLi+1− xRi+1)(yLi+1− yRi )), i = 1, ..,Ns−1 (3.1)
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where Ns is the total number of scales, xLi and y
L
i refer to the position of the left extremity of the
ith scale, measured with respect to the global coordinates, Fig. 3.2(a), while xRi and y
R
i denote the
position of right extremity of the ith scale, also measured with respect to the global coordinates,
Fig. 3.2(a). The engagement occurs when ∆i≤ 0 where i = 1, ...,Ne where Ne would be the number
of scales in contact. This results in a set of 3Ne− 2 nonlinear equations after the condition of
scales interaction is met. These equations consist of constraints on the fixed length of scales, the
geometry of engagement, and balance of moments about the base of all engaged scales, Fig. 3.2(b).
In general, the unknowns after scales engagement will be θi, i = 1 : Ne and xRi ,y
R
i , i = 1 : 2Ne− 2
to obtain the equilibrium configuration of the scales covered structure. Consequently, the derived
equations consist of Ne− 1 equations based on the fixed length of rigid scale (similar to Eq.3.2)
, 2Ne− 2 equations derived based on the slope of each scale (similar to Eqs. (3.3 and 3.4)), and
one equation based on the moment balance. The last equation is derived from the moment balance
of the two engaged scales located at the far right. Thus, balancing the moment about points B
and C, Fig.3.2(b), yields Eq.3.5 that can be utilized for finding the normal force between any two




where KB is the spring constant of the linear torsional spring (rigid scales rotation) which models
the resistance of the substrate to rotation of the embedded scale. The stiffness KB is analytically
approximated as KB =CBED2(L/D)n where E is the modulus of elasticity of the substrate and CB,n







yRi − γ f (xLi+1)
)2 with i = 1 : Ns−1. For more details about the derivation































The above nonlinear equations are then solved numerically to ensure equilibrium at each step
of deformation. The outcome of solving these equations is the orientation of each scale as the


















































Figure 3.2: (a) The geometry of scales before engagement at a configuration of a deformed under-
lying substrate. (b) The FBD of a scale when it is in contact with two neighboring scales shown
as the dotted lines for clarity (adapted from [89]). Here subscripts index refers to scale number,
superscript R and L are right and left side of a scale, respectively, N is the normal reaction between
neighboring scales, ∆i is the perpendicular distance between adjacent scales, ψ is the angular ro-
tation of the substrate at the base location of scales, and finally θ denotes the inclination angle of
scales.
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3.3.2 Mechanics of Cantilever FG Biomimetic Scale-covered Beams
The resultant bending mode of FG system can be envisioned as a combination of substrate defor-
mation and scales rotation. The strain energy due to the deformation of the underlying substrate





2dx, where EI is the bending rigidity of the beam and κ is the





2. Here θi is
the scales rotational displacement evaluated using the kinematic approach illustrated earlier, Ne is
the number of scales in contact, and KB is again the spring constant of the linear torsional spring
(rigid scales rotation). The total potential energy is Π = Ωbeam +ΩscalesH(∆i)−W where W is
the external work done by the applied load and H(∆i) is the Heaviside step function. The final de-
flection shape is obtained using energy minimization principle based on γ [91]. In the differential




dγ , which allows us to
compute the beam deflection under given load. Here, we study the effect of beam deflection under
four cases of loading conditions. We start with a point load at the free end of the beam, p0. For




while the work done is W = p0y(LB). Here γ =
p0h2
6EI and the tip deflection is ytip =
p0L3B
3EI . Once
biomimetic scales start interacting during deformation, they add stiffness to the structure, which
would require an additional amount of load to obtain an equivalent deflection similar to a plain
beam. This equivalent load is derived utilizing the variational-energetic equation described earlier
and can be written as:










The second loading case is a uniformly distributed traction w0 across the span of the beam. For
this case, the deformation of the plain beam is y(x) = w0h
3
24EI (4LBx
3− x4− 6L2Bx2) [90], while the
work done is W =
∫ LB
0 woy(x)dx. This indicates that γ =
w0h3
24EI and the tip deflection is ytip =
w0L4B
8EI .
We now use the variational-energetic equation to obtain an equivalent load (only applicable after
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scales engagement), which results in a deflection equivalent to unscaled beam under the same type
of loading. The equivalent load is










Another loading case investigated in this work is a linearly distributed traction, v0 across the
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120EI and the tip deflection is ytip =
v0L4B
30EI . The equivalent load after scales interaction for such
loading type can be expressed as










The last loading case addressed is a concentrated moment loading at the free end of the scaled




and the work done is W =
∫
κ ′
0 Modκ where κ =
d2y(x)
dx2 . These formulas imply that γ =
M0h
2EI and
the tip deflection is ytip =
M0L2B
2EI . Scales interaction causes an increase in the stiffness of the under-
lying substrate as compared to a plain beam. Thus, the equivalent moment required to match the
deflection of a plain beam after scales engagement is derived as:










Note that for all four loading cases investigated, dθ/dγ is numerically evaluated using central finite
difference technique. Additionally, the tip deflection of the beam will deviate from linearity due
to the highly nonlinear regime brought about scales sliding [31]. Equations 3.6, 3.7, 3.8, and 3.9
now serve as a proxy to track the tip deflection of the cantilever FG biomimetic scale covered
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beam when scales sliding commences. For this paper, we fix the beam geometry parameters as
LB = 1000 mm and h = 50 mm, while the scales parameters as L = 7 mm, ls = 250, θ0 = 3◦, and
D = 0.1 mm. The modulus of elasticity of the beam is taken to be E = 1.5 MPa.
3.3.3 Verification
The results of this work are numerically verified through carrying out finite element (FE) simu-
lations utilizing ABAQUS (Dassault systems). In our model, we made an assembly of two parts
substrate and scales, both of 2D deformable shell type. Thereafter we impose rigidity on the scales
obviating any need for material property on scales. Thus, our model consists of a linear elastic sub-
strate (with isotropic material properties E = 1.5 MPa and Poisson ratio ν = 0.42) and embedded
rigid scales. We used a static linear step to match the corresponding kinematics of Euler-Bernoulli
beam. The contact was employed via self-contact option through the entire geometry and then
imposing frictionless sliding between every two neighboring scales along with node to surface dis-
cretization method to prevent any penetration between any contacted scales [39]. The load was
assigned to the unscaled side of the beam based on the loading condition. For instance, the case
of point loading was employed through applying a force in Y-direction to the right edge, uniform
and linearly traction cases were performed as force per unit length to the bottom edge, and the case
of concentrated moment was conducted via applying a moment to the mid-point of the right edge.
The boundary conditions were the same for all four cases of loading and applied by constraining
the displacement of the built-in edge of the beam, Ux,y,z = 0. Mesh convergence was obtained via
varying the global size parameter [39] of our beam starting from 5 with progressive reduction to
1 for sufficient mesh convergence. We further used two types of elements, in the family of plane
stress with quadratic geometric order, due to the complexity of top surface of our scaled beam.
Biquadratic element CPS8 [39] was used for the area that is far from the embedded scales part and
a triangular quadratic element CPS6M [39] for the other areas. The total number of elements in
44
the entire model were 59312 for CPS8 and 10346 for CPS6M.
3.4 Results and Discussion
To investigate the interplay of FG type with loading, we calculate the tip deflection with four
different types of loading conditions – point load, uniform traction, linearly decreasing traction
and concentrated tip moment. These loads are moment-equivalent normalized. In other words, the
total applied moment at the built-in end of the cantilevers are considered to be same for all loading
cases. This leads to, for the case of point load P̄ = 2p0LBh/3EI where p0 is force magnitude,
for uniform traction q̄ = w0L2Bh/4EI where w0 is applied traction, for linearly decreasing traction
q̄0 = v0L2Bh/15EI where v0 is the maximum traction, and for moment M̄ = M0h/EI where M0 is
the magnitude of applied moment.
3.4.1 Interplay of Loading and Spatial Scale Distribution
In this section, we investigate the interplay between four distinct loads on the cantilever with the
form of functional gradation. For comparison, we use four different classes of distribution func-
tions, exponential increasing (from the cantilever base), logarithmic decreasing, linear increasing,
and a non-monotonic sinusoidal. The spatial position of the first scale (x0) and the last scale (x f )




The total number of scales have been fixed to Ns = 20 scales and recall that LB = 1000 mm. Using
this information, the position of the ith scale for the exponentially increasing function would be
xi = aebi where a = 7.85 mm and b = 0.24. Similarly for the logarithmic decreasing the position
function would be xi = x0 + a log i with a = 323.8 mm. For the linear increasing, the position
function would be xi = x0 +d0 +α(i−2) where d0 = 4mm and α = 5.11 mm and i > 1. Finally,
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for the sinusoidal function xi = asin( πiNs )+b where a = 569 mm and b = −79 mm. We compare
these functional gradation functions with a uniform beam with same number of scales. We use this







































































Figure 3.3: The tip deflection (horizontal axis) of a FG cantilever biomimetic scale covered
beam (with 20 scales) normalized by the thickness of the beam under different loading conditions.
The function utilized to distribute scales along the beam starting from the fixed edge (see inset)
is described textually for each curve. The non-dimensionalized loading cases are (a) point load
at the free end of the beam, (b) uniformly distributed load, (c) linearly distributed load, and (d)
concentrated moment at the free end. In all four cases, the green dots represent the FE simulations.
Also, the dimensions of the beam and scales are 1000 mm (length) × 50 mm (width) × 1 mm
(height) and 250 mm × 1 mm × 0.1 mm, respectively while the inclination angle is θ0 = 3◦.
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information to plot the normalized tip deflection versus the normalized applied load for the func-
tions and loading cases, as shown in Fig. 3.3. The dark green dots in the figure illustrate the results
from FE simulations for select cases, which are an excellent match with our analytical results.
Clearly, having more scales near the built-in end (exponential and linear) significantly increases
the stiffness when compared to a uniform scale distribution, whereas the stiffness is lesser than
the uniform case for logarithmically position function, which has more scales near the free end.
For the non-monotonic sinusoidal distribution, we find the stiffness to be lesser than the uniform
scale distribution case but more than monotonic decreasing logarithmic function. All of these cases
show more stiffness when compared to unscaled beam as expected. This is true for all loads.
However, there is a perceptible difference between the point load/traction, Figs. 3.3(a), 3.3(b), and
3.3(c) and moment case, Fig 3.3(d) in terms of relative difference in stiffness. For the moment
case, the divergence between the functions which have more scales at the built-in end (exponential
and linear) is much lesser. Similarly, the divergence in stiffness between logarithmic, which has
more scales at the free end and plain beam (no scales) is also much higher for the moment case
when compared to the traction. Also, note that the stiffness gain for non-monotonic (sinusoid) is
very close to the uniform distribution scale beam. This stark difference in behavior is because of
the differences in the kinematics of scale engagement due to the fundamentally different loading
types. The concentrated moment produces a different type of deformation (more uniform curva-
ture) than the point loads, Fig 3.3(a) and traction, Figs. 3.3(b) and 3.3(c) resulting in different
post-engagement kinematics. These similarities and divergences in behavior draw an important
distinction from traditional material. Here, the role of load and the distribution interplay critically
in these materials and can be used for various degrees of tailorability.
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3.4.2 Effect of Spatial Gradient on Beam Deflections
In this section, we focus on the role of spatial gradient on the deformation behavior of the cantilever
beam. For brevity, we chose linear FG which yields a single scalar gradient parameter. This allows
us to investigate the two diverging cases – mononotic increasing scale spacing (positive gradient)
and monotonic decreasing scale spacing (negative gradient) using a single scalar index, that of
the gradient. A linear-spatial gradation of scales is imposed in the form of di = d0 + δd(i− 2),
i > 1, where d0 is the spacing between the first (left side of the beam) and the second scale, index
i denotes the scale number, and δd is the gradient and could be positive or negative. Note that
δd = 0 corresponds to uniform distribution of scales. We first investigate the load-displacement
relationship, Fig. 3.4, for various load conditions. We find that positive gradient leads to greater
stiffness gains when compared to either negative gradient or uniform scale beams for all load
cases. Similarly, negative gradients lead to loss of stiffness for all load cases when compared to
the uniform scale distribution. For the moment loading case, Fig. 3.4(d), we again find significant
more gains in stiffness when compared to plain beams for all types of scale distribution. This is
primarily due to the difference in the deformation behavior in the moment loading case. In this
case, the relative differences in gradations are muted, see Fig. 3.4(d), when compared to the point
load, Fig. 3.4(a), and or traction, Figs. 3.4(b) and 3.4(c) cases. The relative non-uniformity in
loading did not much affect the load-displacement behavior as seen in figures.
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Figure 3.4: Non-dimensional tip deflection (horizontal axis) of a FG cantilever biomimetic scale
covered beam (with 20 scales) under different loading conditions. The scales are distributed lin-
early with different linear gradation. The non-dimensionalized loading cases are (a) point load at
the free end of the beam, (b) uniformly distributed load, (c) linearly distributed load, and (d) con-
centrated moment at the free end. In all four cases, the dimensions of the beam and scales are 1000
mm (length) × 50 mm (width) × 1 mm (height) and 250 mm × 1 mm × 0.1 mm, respectively
while the inclination angle is θ0 = 3◦
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Figure 3.5: Non-dimensional tip deflection of a FG cantilever biomimetic scale covered beam
(with 20 scales) for all possible distribution of linear gradation of scales under different loading
cases. The non-dimensionalized loading cases are (a) point load at the free end of the beam, (b)
uniformly distributed load, (c) linearly distributed load, and (d) concentrated moment at the free
end. In all four cases, the dimensions of the beam and scales are 1000 mm (length) × 50 mm
(width) × 1 mm (height) and 250 mm × 1 mm × 0.1 mm, respectively while the inclination angle
is here fixed θ0 = 3◦
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These differences can be further probed for different loads to investigate the role of load in me-
diating the deformation response of FG beam. This is investigated in Fig. 3.5. Here we plot the
normalized tip deflection with spatial gradient of scales for increasing load intensity for all four
loading cases. These plots confirm that higher positive gradients lead to greater stiffness (lower
tip deflection) when compared with negative gradients. This is true for all load cases shown in
Fig. 3.5. We find that the tailorability (positive/negative gradient contrast) through FG is relatively
low for lower loads and increases sharply as loads are increased. In this, there is also significant
difference between point loads, traction, and moment loading. For moment loading, Fig. 3.5(d),
the effect of FG on enhancing stiffness yields diminishing returns for increasing positive gradients.
This indicates that the kinematics clearly dictate FG behavior, even for these relatively small de-
flections. At the same time, the relative similarity of deflections can be seen in Figs. 3.5(a), 3.5(b),
and 3.5(c).
3.4.3 Effect of Angular Gradient on Beam Deflections
Angular gradation effect on cantilever beams is considered via imposing a linear variation of the
initial inclination angle of scales. This is expressed through θ0i = θ01 + δθ (i− 1) where θ01 is
the initial inclination angle of the first scale (again left side of the beam), δθ is the gradient and
could be positive or negative, and i is the scale number. Here we address all possible choices of
varying scales orientation in the range of 3◦ ≤ θ0 ≤ 25◦. Note that we investigate only a small
range of inclination angles to assure interaction of scales. We plot the tip deflection of the FG
cantilever beams for different angular gradations, Fig. 3.6. We find that for all types of loading,
there is a broad similarity in behavior for negative gradation. The tip deflections do not change
as long as the gradation is negative for all load magnitudes, Fig. 3.6. There is a sharp change in
tip deflection as the gradient becomes positive. This is the case the scales are closer to the surface
than the end. This sharp divergence in behavior, universal across loading conditions, is a result of
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initial successful engagement of scales near the built-in end. Sparse scales simply do not engage
enough at the higher end of curvature (built-in end) to affect the tip deflection. As the scales are
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Figure 3.6: Non-dimensionalized tip deflection of a FG cantilever biomimetic scale covered beam
(with 20 scales equally spaced) for possible angular gradation of scales in the range θ0 ≥ 3◦ under
different loading conditions. The non-dimensionalized loading cases are (a) point load at the free
end of the beam, (b) uniformly distributed load, (c) linearly distributed load, and (d) concentrated
moment at the free end. In all four cases, the dimensions of the beam and scales are 1000 mm
(length) × 50 mm (width) × 1 mm (height) and 250 mm × 1 mm × 0.1 mm, respectively while
the spacing between scales is d = 51 mm.
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made to be closer to the surface of the substrate towards the built-in end, they engage much earlier
as deflection proceeds and increase stiffness of the beam. However, again in spite of the similarity,
there is also noted divergence between point load/traction, Figs. 3.6(a), 3.6(b), and 3.6(c) and
moment loading, Fig. 3.6(d). The stiffness gains from positive FG is much more pronounced for
the moment case due to uniform curvature throughout the span of the beam.
Therefore, angular functional gradation offers interesting study in contrast. On one hand, angular
gradation is much easier from a fabrication point of view and can result in dramatic contrasts in
mechanical response in FG beams. However, for higher scale angles, the engagement occurs at a
much later stage and geometric and material nonlinearities might be overpowering. This is also one
of the key limitation of angular gradation. The envelope of tailorability is in principle high with
angular gradation but at the same time, the overall bracket of angular variation is limited since
very high angles are not that useful due to late engagement. In addition, angles also determine the
thresholds of engagement. Therefore, if scales are at higher angles where the curvatures are high,
their gradient effects are minimal. This can be clearly seen in Fig. 3.6. This makes the mechanics
of this system rich in geometrically dictated nonlinearities.
3.4.4 Spatio-angular Gradation of Scales
The effect of combining both spatial and angular gradations on the bending stiffness of our can-
tilever FG biomimetic scale covered beam is presented here. We map the landscape of stiffness
over both spatial and angular orientations using a phase diagram for each loading case, Fig. 3.7.
Here, we track the non-dimensional tip deflection of our FG cantilever scaled beam for positive
gradients. Note that negative gradients δd < 0 is not considered here because they do not con-
tribute to decreasing deflection with regard to uniformly scaled beam. The phase diagrams clearly
highlight the entire landscape of stiffness gains from both spatial and angular gradation of scales.
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They are continuous with increase in angular gradations for point load/traction cases, Figs. 3.7(a),
3.7(b), and 3.7(c). For the moment loading case, Fig. 3.7(d), there is an initial transition to high
stiffness for angular FG and then no further gains take place. For all load cases, higher spatial

















































Figure 3.7: Phase diagram of the non-dimensionalized tip deflection of a FG cantilever biomimetic
scale covered beam (with 20 scales ) spanned by positive linear spacing and linear angular grada-
tion of scales in the range θ0 ≥ 3◦ under different loading conditions. The non-dimensionalized
loading cases are (a) point load at the free end of the beam, P = 2×10−2, (b) uniformly distributed
load, q = 2× 10−2, (c) linearly decreasing load, q0 = 2× 10−2, and (d) concentrated moment at
the free end, M = 2×10−2 . In all four cases, the dimensions of the beam and scales are 1000 mm
(length) × 50 mm (width) × 1 mm (height) and 250 mm × 1 mm × 0.1 mm, respectively.
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gradation which means more scales at the built-in end leads to greater gains in stiffness. However,
these gains are most pronounced for point load/traction conditions. This shows a very interesting
pattern, that is moment loading is sensitive to angular gradations whereas point load/traction re-
spond to both spatial and angular FG. By controlling the spatio-angular gradients, a rich landscape
of tailorable behavior can be possible.
3.4.5 Experimental Validation
To validate both theoretical and numerical simulation results, we have performed point load ex-
perimental tests using an MTS Insight®. We connected a 220 N high performance braided fishing
line to a 100 N load cell, Fig. 3.8(a), to simulate point load. The MTS was used to obtain load-
displacement characteristic for two types of scales covered beams - uniform distribution and Linear
FG. The substrates were 3D printed using an Ultimaker S5 with a flexible filament known as TPU
95A (thermoplastic polyurethane) while the scales were thin sheets of galvanized steel plates (with
Young’s modulus of 200 GPa) to ensure rigidity in scales as compared to the substrate. The sam-
ple geometries were rectangular with dimensions 200 mm (length) × 25 mm (width) × 10 mm
(height) for the substrate and 350 mm × 25 mm × 1 mm for the scales. The Young’s modulus
of TPU 95A was measured via carrying out cantilever bending tests in small deformation using
MTS Insight®, and found to be 30 MPa using the strength of material k = 3EI
L3B
. The scales and
substrate were firmly adhered using super glue cyanoacrylate. Furthermore, the exposed parts of
the scales, which would slide over each other, were covered using a Scotch tape and wiped with oil
to minimize frictional effects during sliding between scales. The results with experimental error
bars as uncertainties from different tests are illustrated in Fig. 3.8(b), which plots normalized load
P̄ = 2p0LBh3EI vs tip deflection. The figure shows a slight difference in the initial slope between the
plain beam and the two cases of scales covered beams even before scales engagement, indicating




































Figure 3.8: (a) Experimental setup for a point load deflection of scales covered FG cantilever beam
using an MTS Insight®. (Top) perspective view and (bottom) side view of the same experiment.
(b) The tip deflection (horizontal axis) of a plain cantilever beam and FG cantilever biomimetic
scale covered beam (with 13 scales) normalized by the thickness of the beam under a point loading
applied at the free end of the beam. The results are obtained for the case E = 30 MPa. (c) A
similar plot to Fig. 3.8(b) but here Ee f f = 1.3E. In all figures, the spacing between scales for the
uniform distribution is d = 13 mm while for FG is d0 = 8 mm and δd =−1.36. Additionally, the
inclination angle of scales is θ0 = 10◦.
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embedded part of scales, which add stiffness to the substrate before scales interaction and has been
discussed earlier in literature [34, 88]. We see a broadly similar trends in the response between
our theory and the experiment. To resolve the issue of the initial stiffness due to inclusion effect
of the embedded parts, we use an effective modulus for the structure based on the scales volume
fraction φ , previously presented in literature [34]. For a small volume fraction φ ≤ 0.25, the
effective modulus is approximately Ee f f = E(4φ + 1). In our case, φ = 0.0780 which leads to
Ee f f ≈ 1.3E. Note that the increase in stiffness was not included in our FE simulations because
the scale volume fraction was (theoretical limit of very small volume fraction), φ = 2.8×10−4 to
highlight stiffness gains solely from geometrical effects. The results when these inclusion effects
are considered are presented in Fig. 3.8(c). We observe excellent agreement between our theory
and the experimental results in the presentation of the load-displacement characteristics. Thus, our
analytical model could be used for carrying out design as well as understanding the mechanism for
synthesizing substrates with tailorable elasticity.
3.5 Conclusions
In this work, we explore geometrical tailorability of elasticity brought about by controlling the
distribution and orientation of scales on a slender substrate subject to different loading conditions.
These include point load at the free end, uniform traction, linearly decreasing traction, and con-
centrated moment at the free end. We utilized a model, FE computations, and experiments in
this work. We found that there were several similarities in mechanical responses between these
loading. Subtle but important distinctions existed between concentrated moment and the other
load cases indicating the critical interplay of deformation with scale kinematics. Although scales
sliding would inevitably lead to substrate stiffening, the degree of stiffening is strongly dependent
upon the sliding kinematics and the underlying substrate deformation, which is sensitive to specific
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loading types. Thus if the scales are arranged in such a way as to alter the sliding kinematics, it
changes the individual scales rotation with deformation. This change in scale rotation response
leads to a change in the stored elastic energy from the scale-substrate elastic interaction. It is this
phenomenon which gives tailorability to the system. Finally, we also quantified the entire land-
scape of stiffness tailorability dependent on both spatial and angular FG. These two FG strategies
yielded different types of tailorabilities indicating the many possibilities for structural design.
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CHAPTER 4: FRICTIONAL DAMPING IN BIOMIMETIC SCALE
BEAM OSCILLATIONS
Citation:
H. Ali, H. Ebrahimi, R. Ghosh, Frictional damping from biomimetic scales, Scientific reports 9 (1)
(2019) 1–7
4.1 Abstract
Stiff scales adorn the exterior surfaces of fishes, snakes, and many reptiles. They provide protec-
tion from external piercing attacks and control over global deformation behavior to aid locomotion,
slithering, and swimming across a wide range of environmental condition. In this communication,
we investigate the dynamic behavior of biomimetic scale substrates for further understanding the
origins of the nonlinearity that involve various aspect of scales interaction, sliding kinematics,
interfacial friction, and their combination. Particularly, we study the vibrational characteristics
through an analytical model and numerical investigations for the case of a simply supported scale
covered beam. Our results reveal that biomimetic scale beams exhibit viscous damping behavior
even when only Coulomb friction is postulated for free vibrations. We anticipate and quantify the
anisotropy in the damping behavior with respect to curvature. We also find that unlike traditional
structural damping, friction has a dual role, sometimes revealing its stiffening role at others, its
traditional dissipative function and sometimes perceptibly both. Since both scale geometry, dis-
tribution and interfacial properties can be easily tailored, our study indicates that a biomimetic
strategy to design exceptional synthetic materials with tailorable dynamics behavior.
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4.2 Introduction
Dermal scales are one of the oldest evolutionary adaptation in animals and found in many organ-
isms of the kingdom Animalia including fishes [92, 93], reptiles [84, 94] and mammals [95, 96].
Due to their ubiquity and sheer longevity in evolutionary history, scales have been garnering in-
tense scrutiny from materials and structures community [26,86,97]. From a materials perspective,
characterization studies of various scales have revealed highly intricate microstructures. Such
scales can be hybrid [98–100], hierarchical [101–103], and composite in nature [104–106] ca-
pable of engaging multiple length scales depending on the load [23, 107, 108]. Scales are also
naturally multifunctional [66,109–111]. The most apparent function is the protective properties of
scales for the underlying substrate, which has been an inspiration of ancient armor designs [87].
In addition to protection against external objects, which is mechanically an indentation type local
deformation problem, global deformation modes such as bending and twisting of a substrate reveal
equally interesting properties. These include reversible nonlinear stiffening and locking behavior
due to the sliding kinematics of the scales in one-dimensional substrates [29–32, 88, 89, 112]. In
spite of rapidly accumulating literature on the mechanics of scales and scale covered systems, their
influence on the dynamic behavior of substrates has not been revealed beyond characterizing strain
rate effects under transient loading [113–115].
In sustained dynamic behavior such as oscillations, the role of scale interfacial friction can be
critical in affecting the long-term response. This type of behavior is especially apparent for appli-
cations such as swimming, locomotion and structural vibration. Recent research for the static pure
bending case showed that dry friction adds resistance to scale sliding inevitably increases bending
stiffness [32]. Thus there seems to be an inherent interplay between the stiffness, geometry, range
of motion and friction behavior in these type of systems.
In this paper, we study for the first time the damped oscillations of biomimetic scale beam using a
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combination of numerical and analytical modeling. The work addresses the first mode of bending
vibrations. An analytical model is developed for this behavior and the results are compared with
computational simulations using finite element (FE) analysis. Finally, we compare and contrast
the nonlinear behavior with classical nonlinear Duffing oscillator [116, 117].
4.3 Material and Methods
4.3.1 Oscillations of Biomimetic Scale-covered Beams
We first simplify the complex structure of biomimetic substrate by assuming a linear-elastic sub-
strate with partially embedded rigid scales on its top surface Fig. 4.2(a). This set of assumptions is
valid because the scales used in this study are several orders of magnitude stiffer than the substrate
material [29, 31] and typical substrate strains are moderate, with excessive deformations arrested
by additional stiffness induced by the stiff scales. This assumption also leads to isolation of non-
linearity stemming purely from scales interaction, rather than inherent material effects. We assume
that the substrate is of length LB and height h and with Young’s modulus EB = 1.5 MPa, Poisson’s
ratio ν = 0.42 [89, 112], and density ρB = 854kg/m3. Although these values are not critical to the
outcomes of the study, these are typical of silicone polymer (Vinylpolysiloxane) used for fabricat-
ing typical soft substrates. Each individual scale is of thickness D, density ρs , and total length ls
that consists of an exposed part l and embedded part L, or ls = l +L, Fig. 4.2(a). In addition, we
impose D ls and L h, (shallow embedding). This allows each individual scale to be modeled
as a linear torsional spring rotating about fixed point with constant K̃s [29, 31, 89]. This constant
was analytically computed as Ks = EBD2CB(L/D)n where CB,n are constants with corresponding
values 0.66 and 1.75, respectively for same materials earlier [31]. The overlap ratio of scales is
denoted by η = l/d̃, where d̃ is the distance between any two neighboring scales [31]. The scales
are embedded onto the substrate at an initial angle θ0, measured with respect to the beam’s cen-
61
terline, and increase nonlinearly once the engagement of scales commences [29, 31, 89]. Due to
























Figure 4.1: (a) Natural history fish image (adopted from [118]) as an example of scaly system and
a simplification model of its skin. (b) A schematic diagram of simply supported scaly beam and
RVE geometry of local periodicity of biomimetic rigid scales.
We also consider uniform scale distribution over the substrate. In this configuration, scales preserve
periodicity post-engagement under pure bending. However, beyond this limited loading regime,
such periodicity would not hold [89]. This prevents us from using the closed form of kinematic
relationship existing in current literature [29, 31, 32]. However, in the limit of sufficiently dense
distribution of scales we can reasonably impose local periodicity, Fig. 4.2(b). This assumption
leads to a locally uniform pure bending mode thereby allowing previously developed kinematic
relationships to be valid at least in a local sense. The global deformation of the scaly beam can
be envisioned as a combination of substrate bending and scales rotation [31, 89]. Accordingly, the
energy stored in the system is an additive combination of the two deformation modes. Note that
the system will also dissipate energy as we account for interfacial friction between the scales after
engagement. This type of friction is modeled using Coulomb dry friction with a coefficient of
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friction µ .
The local periodicity assumption introduced earlier allows the isolation of a representative volume
element (RVE), Fig. 4.2(b). Thus, locally the kinematic relationship can be given by θRV E =
sin−1 (ηψRV E cosψRV E/2)−ψRV E/2 [32] where ψRV E = κ̃RV E d̃ is the angular rotation of each
RVE measured with respect to the beam’s instantaneous curvature κ̃RV E , Fig. 4.2(b).
We derive the dynamic equation of motion by invoking the Hamilton’s principle of least action
leading to the variational energy equation δ
∫ t̃2
t̃1
(T̂ −V̂ +W )dt̃ for the entire beam. Here T̂ is the
total kinetic energy per unit length,V̂ is the total strain energy per unit length, while the term W
denotes the work done by the applied traction (see supplemental material (SM) for their formulas).
We apply a harmonic load on the smooth (side opposite to scales) of form f̃ (x̃, t̃) = f̃0φ(x̃)cosΩ̃t̃
to ensure that only the first mode of vibration is activated [119] with simply supported boundary
conditions. Here f̃0 is the load amplitude, φ(x̃) is the shape function of the first eigenmode of
simply supported beam [120], while Ω̃ is the load frequency. This work neglects the mass of
scales (See Appendix.A for justification).





























cos(ψRV E +β )− r̄ cos(β )
]
H (κ̃RV E − κ̃e) = f (x̃, t̃) .
(4.1)
Where A refers to the cross sectional area of the substrate, IB is the second moment of area,
β = tan−1 µ is the scales friction angle, and r̄ is the distance per scales length measured from
scales base to the interaction with neighboring scale (Fig. 4.2(b)). The Heaviside step function
ensures that scales contribution is accounted for only in the case when the beam is deflected down-
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ward and when θRV E ≥ θ0. Note that κ̃e refers to the RVE curvature at the instant θRV E = θ0.
A small artificial viscous damping term with constant C̃ is included in the equation to model any
other source of damping and to stabilize numerical integrators. The variable NRV E refers to the
number of RVEs utilized in the solution of the system. Note that in this equation, the terms in-
side the summations agree with the quasi-static moment equations expressions derived earlier in
literature [31, 32].
The governing Equation 4.1 can be written in a non-dimensional form by first noting that two
natural length scales emerge from the geometry, the length of beam LB (horizontal length scales)
and the radius of gyration of the cross section R =
√
IB/A (vertical length scales). We denote the
ratio of the two as γ = R/LB. In addition, a natural time scale for the problem can be extracted
from the natural frequency expression of the underlying elastic substrate, ζ =
√
ρBAL4B/EBIB.
This allows us to non-dimensionalize the following quantities appearing in Eq. 4.1 x = x̃/LB, d =
d̃/LB, y = ỹ/R, t = t̃/ζ and Ω = Ω̃ζ . These intrinsic length and time scales can also be used to
obtain the vertical force normalization unit by noting that Force ∼ MLT−2 = ρBALBRζ−2. This
leads to a vertical traction normalizer given by F ′ = EBIBR/L4B and thus f0 = f̃0/F
′. Similar




and Ks = K̃sLBEBIB . With these



























cos(ψRV E +β )− r̄ cos(β )
]
H (κRV E −κe) = f (x, t)
(4.2)
For simply supported beam, the boundary conditions are y= 0 and ∂ 2y/∂x2 = 0 at x= 0 and 1. Two
types of initial conditions would be studied – displacement and velocity. The displacement type
would be denoted by y(x,0) = AA(φ(x)) where AA is a constant and φ(x) is the non-dimensional
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counterpart of the shape function introduced earlier. The velocity initial condition is given by
v(x,0) = BB(φ(x)) where BB is a constant. Equation 4.2 can be solved by utilizing separation
of variables y(x, t) = φ(x)T (t). Here T (t) is a time-dependent function while φ(x) is the first
eignmode of a simply supported beam, which is known to be sinπx [120]. Using Bubnov-Galerkin
weighted residual method we obtain the following second order nonlinear ordinary differential
equation for the time-dependent part (See Supplemental Information for detailed derivation)













H (κRV E −κe) = f0 cosΩt
(4.3)
Here, f1 and f2 are complex nonlinear functions (see Appendix.A for their form). This nonlinear
ordinary differential equation is solved using a direct numerical integrator such as the Newmark
beta scheme which nests a Newton-Raphson nonlinear equation solver [121].
The results of our mathematical model are verified numerically via FE simulations using a com-
mercially available FE software ABAQUS (Dassault systems). In the FE model, an assembly of
2D deformable shell parts (for scales and substrate) was made with rigidity imposed on the em-
bedded scales and linear-elastic properties were assigned for the substrate. An implicit dynamic
step was then utilized. The initial conditions were imposed through a predefined velocity in the
form Ṫ (0) = BB(φ(x)) where BB is the magnitude of velocity. The imposition of contact between
scales, mesh convergence, and boundary condition were done consistent with literature [89]. In-
terfacial friction was introduced using penalty function formulation with coefficient µ [39].
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4.3.2 Chaotic Oscillations of Biomimetic Scale-covered Beams
Biomimetic scale-covered beams would experience chaotic motion in the case where the beam is
initially buckled followed by a transverse oscillations, see Fig.4.2 for schematic representation.
Such behavior is also observed for the case of oscillations of virgin beams [122]. However, with
scales, the chaotic response and stable position of the initial deformation can be controlled through
adjusting the overlapping of scales, η . The equation of motion is now slightly changed, when
comparing with Eq.4.1, taking into consideration that the beam is fixed after it was initially com-





Figure 4.2: (a) A schematic diagram of simply supported biomimetic scale-covered beam subjected
to an axial load in which the right end moves freely. (b) Buckled biomimetic scale-covered beam
with immovable ends subjected to transverse loading.
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H (κ̃RV E − κ̃e) = f (x̃, t̃) .
(4.4)
Here the added term is Ñp when compared with Eq.4.1. This term represents the total axial and
consists of the applied forces at the ends of the scaly beam along with the contribution of membrane











We again apply a harmonic load on the smooth (side opposite to scales) of form f̃ (x̃, t̃)= f̃0φ(x̃)cosΩ̃t̃
to ensure that only the first mode of vibration is activated [119] with simply supported boundary
conditions. Here f̃0 is the load amplitude, φ(x̃) is the shape function of the first eigenmode of sim-
ply supported beam [120], while Ω̃ is the load frequency. The non-dimensional from of Eq.4.4,



























H (κRV E −κe) = f0 cosΩt.
(4.6)
We again use Bubnov-Galerkin weighted residual method to obtain a second order nonlinear or-
dinary differential equation which later on solved using a direct numerical integrator such as the
Newmark beta scheme which nests a Newton-Raphson nonlinear equation solver [121].
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4.4 Results and Discussion
4.4.1 Free Vibration
In the small deformation regime, two sources of nonlinear stiffening arise in this system – one due
to scale sliding alone and the other due to friction. We compare and contrast the effect of these two
sources in free vibration regime f0 = 0 in Eq. 4.3 in Figs. 4.3(a) and 4.3(b). In these simulations,
an initial velocity BB = 10.4 (chosen to assure engagement of scales for the assigned θ0) is applied
to the beam and the resulting normalized mid-point deflections are plotted with normalized time.
Here the time is normalized by the undamped period of a plain beam τn = 2π/wn , wn = π2. We
do not use any artificial viscous damping for free vibration simulations.
We first investigate the effect of geometric parameters on the free vibration of the biomimetic beam
without any friction. We denote the side with scale engagements as the concave side and the one
where scales do not engage as convex, see Fig. 4.3(a) inset. In Fig. 4.3(a), we plot the midpoint
deflection of the biomimetic beam without taking the effect of friction with increasing overlap
ratio η . There are two visible effects of increasing η on the free vibration regime. The first is
the expected increase in the natural frequency of vibration due to the added stiffness. However,
increasing η also decreases the amplitudes of vibration on the concave side, with little effect in the
deflection on the convex side. We expect this behavior since higher η leads to greater energy stored
in scales rotation compared to the substrate. Note that the change in η corresponds to varying d and
fixing l for example η = 5 corresponds to d = 0.05 and η = 0 refers to a plain beam. Our results are
an excellent match with FE simulations, which are depicted by black dots for η = 5. Therefore,
overall, higher overlap ratio leads to a higher frequency and lower mean amplitude of vibration
for same initial velocity profile. The other geometrical parameter of consequence is the initial
inclination angle θ0. We fix the overlap ratio to η = 5 and simulate the free vibration response
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Figure 4.3: (a) The response of scaly beam under velocity initial condition for θ0 = 5◦ and various
η . The block dots are the results of FE. (b) The effect of θ0 on the behavior of scaly beam with
η = 5 and exited through initial velocity. For these plots and all others, the number of RVE was
10 in the model.
under same initial conditions as before. As inclination angle increases, the scales engagement is
delayed. Therefore, the overall stiffness of the system is lesser at a given displacement. This leads
to decrease in frequency of response as seen in Fig. 4.3(b). The plots also reveal that the asymmetry
in deflection between the scale side and plain side is made less severe with an increase in scale
angle. For the case with θ0 = 10◦, no engagement takes place for the given initial condition and
the vibrational symmetry is fully restored. In summary, these simulations highlight the critical role
played by geometrical parameters of the scale η and θ0 in tailoring the frequency and symmetry
of vibrating biomimetic beam, analogous to deformation in the static regime [31, 89].
We now study the interplay of friction with the critical geometric parameters for free vibrations
under same initial conditions. In Fig. 4.4(a), we fix η = 5 , θ0 = 5◦ and vary the coefficient of
friction. The black dots for η = 5 in the figure indicate FE simulations, which are in excellent
agreement with our model results. These results highlight several interesting phenomena. First,
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as expected we find a pronounced damping behavior with increasing µ . However, unlike a dry
friction spring-mass damper system, here the amplitude decay is not linear but exponential resem-
bling a viscous damping behavior. This indicates a geometrically induced regime transformation
of damping from dry friction to viscous drag. We also observe a clear increase in the time-period
of oscillations with increasing µ as expected in viscous damped system. However, the similarities
with conventional viscously damped system ends here. In typical conventional damped oscillators,
the decaying behavior continues till motion is altogether arrested. In contrast, for the biomimetic
system, the decay would not end in a complete stop but rather till deflection is small enough to
preclude scales engagement, returning it to the frictionless conservative system, vibrating indefi-
nitely. Increasing friction also decreases the amplitudes of vibration, mirroring the stiffening effect
of scales overlap observed in Fig. 4.4(a), but here, the amplitude reduction occurs on both sides
(concave and convex) of beam and not just on one side. This apparent distinction between the two
stiffening mechanisms has to do with continuous energy loss brought about in every cycle in the
damped oscillation case, lowering the overall amplitude in contrast to the frictionless case explored
earlier. Interestingly, in spite of friction affecting the amplitude of both sides of vibration, there is
still an observed asymmetry with more rapid reduction occurring on the convex side. To investi-
gate this asymmetry, we use a logarithmic decrement defined as δ = 1
∆
ln(AAn+1/AAn) where ∆ is
the time between n and n+1 peaks for both sides of oscillations. We then take a ratio of the two to
quantify the asymmetry, with α = δconvex/δconcave. This quantity is used to generate an asymmetry
phase map, Fig. 4.4(b) which is mapped by µ and η . This phase diagram indicates that anisotropy
is considerably accentuated by increasing both η and µ . Specifically, the decays are larger on the
convex side. Also, increasing the friction at lower η hardly contributes to the asymmetry, presum-
ably due to late stage scale engagement. On the other hand, higher η amplifies even small friction
coefficients appreciably. Overall, this study indicates that both distribution of the scales and its
surface properties can be engineered to control the nature of oscillation of these systems. Another
distinguishing feature of the system is the long-term behavior of damped oscillators. In classical
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damped systems, the oscillators eventually cease motion. However, in this case, a damped system
first reduces the amplitude of motion. However, when the displacement is small enough to pre-
vent further scales engagement, friction ceases to act and the system continues to oscillate linearly,
indefinitely in the ideal case.


























Figure 4.4: (a) The response of the scaly beam with η = 5 due to given an initial velocity for
various µ .The results of FE are illustrated by the block dots. (b) phase map of the ratio between
the convex and concave damping coefficient α in the response spanned by η and µ .For these plots
and all others, the number of RVE was 10 in the model.
Next, we turn our attention to the role of initial conditions in influencing the time-period of oscilla-
tions. We now give an initial displacement condition to the beam which is varied and corresponding
time-period of oscillation calculated. We find that this variation leads to different time-periods for
the system. We undertake two different studies to investigate the role of η and µ on this phe-
nomena. In Figure.4.5(a), frictionless biomimetic scale beams are studied for various values of η .
For a plain beam (η=0), there is a complete insensitivity of time-period on initial displacement, as
expected. Note that we have ignored nonlinearity from large deformation or material sources in
this case. As scales with higher η are introduced, for a given initial displacement, the time period
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of oscillations are smaller for higher η . At the same time, we also observe that as η increases,
there is dramatic increase in time-period sensitivity to initial amplitude for a given beam, leading
to pronounced decrease of time-period with increasing initial amplitude. However, this trend is
gradually arrested as η increases further since the system now begins to oscillate near its locking
limit [32]. This leads to restoration of insensitivity. Interestingly, this insensitivity restoration phe-
nomena can also be introduced by increasing the coefficient of friction for a given η . This can
be seen in Fig. 4.5(b) where we plot the dynamic response of a biomimetic beam with η = 10 for
different µ . This figure demonstrates how friction can dramatically alter the systems time-period
sensitivity to initial displacement. The figure shows that increasing friction restoring insensitivity.
This trend continues till µ is large enough to transition the system into a really small deformation
regime oscillation due to proximity to frictional locking curvature (AA > 20 and µ = 2 ). Due to
very high friction, the system quickly attenuates, returning to a linear stage due to lack of scale
engagements. This results in almost no sensitivity to initial displacement.





























Figure 4.5: (a) Period of oscillation of frictionless scaly beam for various initial displacements
AA and η . (b) The sensitivity of time period of scaly beam due to the introductory of friction for
various initial displacements. In these plots θ0 = 0◦
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At this point it is interesting to compare this behavior with that of hardening Duffing oscillator
which also exhibits this characteristic amplitude dependent time period [124]. Although not ex-
actly a Duffing system, we have in effect obtained a tailorable hardening spring system.
4.4.2 Forced Vibration
Next, we probe the forced-vibration behavior of this system by obtaining the amplitude-frequency
response. We plot the maximum mid-point deflection of the beam on the convex side with forcing
frequency. We first isolate the effect of η by neglecting interfacial friction. However, a small arti-
ficial viscosity C = 0.5 is used to encourage convergence. Without loss of generality, the forcing
amplitude is taken to be f0 = 200 and initial scale inclination θ0 = 5◦. The results of this simulation
are shown in Fig. 4.6(a) in which we plot the amplitude versus the non-dimensional applied fre-
quency(normalized by the natural frequency of a plain beam). In this figure, we get a pronounced
backbone curve, similar to a hardening nonlinear oscillator. We observe that increasing η lead to
a greater flip over behavior indicating a stronger nonlinearity, taking the resonance farther away
from that of a plain beam. Next, in Fig. 4.6(b) we investigate the effect of friction. We take η = 5
and vary µ . As discussed earlier, friction can play the role of both a stiffener as well as a tradi-
tional dampener. However, for forced vibration, this figure shows the stiffening nonlinearity of η
overwhelms any frictional stiffening effect in the amplitude response back-bone curve. Therefore,
friction would play a diminished role in tailoring the resonance behavior of a biomimetic beam
when compared with η .
4.4.3 Chaotic Response
To find the stable position of biomimetic scale-covered beam in the presence of axial loading, we
look at the free response of our scale-covered beam. We impose f0 = 0 and solve for the middle
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Figure 4.6: (a) Amplitude-frequency behavior at steady state for scaly beam with θ0 = 5◦ and
various η . (b) The amplitude-frequency response at steady state for a scaly beam with η = 5 and
various µ .
point deflection of the beam. The results can be seen in Fig.4.7(a) in which we plot the normalized
middle point deflection of scale-covered beam ymid against the normalized time t. The parameters
considered in this figures are Γ = 2π2, η = 8, θ0 = 5◦, and C = 0. We notice that the stable
position of our buckled scale-covered beam is achieved when ymid = −2.359. To investigate how
the buckling stable position varies for different scales densities, here represented via varying η , we
plot the stable position of the buckled beam for the cases of η = 4,6, and 8. The plot is shown in
Fig.4.7(b) and represents the normalized middle point deflection of scale-covered beam ymid as a
function of the axial loading Γ normalized by π2. The results illustrates that the stable positions
are achieved at higher deflection when the scale density is low, in this case η = 4. The increase in
the scales densities requires lower deflection to achieve stable positions. Again higher η implies
the structure possesses higher stiffness gained due the sliding of adjacent scales [31,89]. Note that,
theoretically, for the case of virgin beam with no geometric or material nonlinearity imposed, no
stable position is typically achieved. In other words, the deflection must be infinity [37]. Here we
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imposed geometric nonlinearity on the smooth side of the beam which lead to a nonlinear stable
position as the axial loading gradually increased.





























Figure 4.7: (a) Free response of biomimetic scale-covered beam when exposed to an axial loading
of Γ = 2π2 . (b) The stable position of biomimetic scale-covered beam at different normalized
axial loading, Γ. For both plots the scales initial inclination angle is θ0 = 5◦
We now look at the steady state transverse oscillations of biomimetic scale-covered beam when
forces are imposed, f0 > 0. Here a small artificial viscosity C = 0.5 is used to encourage conver-
gence. In addition, the input parameters are Γ = 2π2, η = 8, θ0 = 5◦, Ω = 2 and vary the applied
transverse force f0 = 100,200,220,230,300, and 350. For the case of f0 = 100, the steady state
normalized middle point deflection of the scaled beam ymid is plotted against the time normalized
the period of the virgin beam, τn = 2πwn where wn is the natural frequency of the beam with no
scales. The results are presented in the left side in Fig.4.8. We also plot the phase portrait which is
a geometric representation of the trajectories of a dynamical system in the phase plane. The phase
portrait typically presents the velocity as a function of position. Here we plot the normalized ve-
locity of the middle point of the biomimetic scale-covered beam against the normalized deflection
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Figure 4.8: (left) Steady state response of buckled biomimetic scale-covered beam. (right) Phase
portrait representing the velocity of the middle point of biomimetic scale-covered beam against its
position. The red dot in the phase portrait represents the times t which are an integer multiple of
the period τn. For this plot the applied force is f0 = 100, while overlap ratio of scales is η = 8 and
θ0 = 5◦.
of the same middle point. The results for the case selected here can be seen in the right side plot of
Fig.4.8. The red dot in the phase portrait map represents the times t which are an integer multiple
of the period τn. We see only one red dot in the plot implying a one period repetitive oscillatory
response of the structure. When we slightly increase the transverse load to f0 = 200, we still notice
one red dot implying period-1 oscillation. However, we observe complex vibrations due to the high
nonlinearity stemming from the sliding kinematics of scales. The results are depicted in Fig.4.9.
Interestingly, we see a period doubling, Fig.4.10, when we impose f0 = 220. Period doubling
here means that there are two stable position that the beam oscillates around. For the case tested
here, chaos will start when the force applied is f0 = 230, Fig.4.11. Chaotic motion in the system
implies that the response cannot be predicted making it very difficult to control the response of the
structure. Such results provide key roles for the range of loads where the response of the system
can be predicted. It is to note that slightly changing the load around the chaotic force may lead to a
stable system in which the system either have period-2 oscillations as in the case where f0 = 300,
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Fig.4.12 or period-1 oscillation when the force increased to f0 = 350, Fig.4.13. In summery, the
results presented here illustrate that forced vibration of buckled biomimetic scale-covered beam is
highly sensitive to the applied force. Chaotic motion, which is typically undesired, can be observed
for a range of applied forces which can be obtained using the model presented here. In addition,
the range of forces that leads to chaotic motion can be altered by varying the scales densities, η
and hence, our model can be used for designing scaly structures where the range of applied forces
does not lead to any chaotic behavior.









Figure 4.9: (left) Steady state response of buckled biomimetic scale-covered beam. (right) Phase
portrait representing the velocity of the middle point of biomimetic scale-covered beam against its
position. The red dot in the phase portrait represents the times t which are an integer multiple of
the period τn. For this plot the applied force is f0 = 200, while overlap ratio of scales is η = 8 and
θ0 = 5◦.
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Figure 4.10: (left) Steady state response of buckled biomimetic scale-covered beam. (right) Phase
portrait representing the velocity of the middle point of scale-covered beam against its position.
For this plot the applied force is f0 = 220, while overlap ratio of scales is η = 8 and θ0 = 5◦.









Figure 4.11: (left) Chaotic steady state response of buckled biomimetic scale-covered beam. (right)
Phase portrait representing the velocity of the middle point of scale-covered beam against its posi-
tion. For this plot the applied force is f0 = 230, while overlap ratio of scales is η = 8 and θ0 = 5◦.
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Figure 4.12: (left) Steady state response of buckled biomimetic scale-covered beam. (right) Phase
portrait representing the velocity of the middle point of scale-covered beam against its position.
Here the applied force is f0 = 300, while overlap ratio of scales is η = 8 and θ0 = 5◦.









Figure 4.13: (left) Steady state response of buckled biomimetic scale-covered beam. (right) Phase
portrait representing the velocity of the middle point of scale-covered beam against its position.
For this plot the applied force is f0 = 350, while overlap ratio of scales is η = 8 and θ0 = 5◦.
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4.5 Concluding Remarks
In conclusion, although previous static deflection studies had highlighted the dual role of friction
as a dissipater as well as stiffness enhancer, the dynamic studies revealed phenomena that are even
more interesting. We found that in spite of postulating only dry Coulomb friction, the oscilla-
tions resemble viscous damping behavior. The scales provide significant anisotropy of frictional
behavior, which can be tailored using interfacial and geometric parameters. We have also found
various degrees of sensitivity to initial displacements depending upon scale geometry and friction.
Finally, our forced vibration studies have shown a strong nonlinear response but where the role
of friction was firmly dissipative in nature. Therefore, unlike traditional structural damping, the
role of friction in a biomimetic system is variegated, exhibiting stiffening, damping or both of
these functions. Our study indicates that, biomimetic scale beams can be an excellent platform for
synthesizing substrates with tailorable dynamic indices.
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CHAPTER 5: TAILORABLE STIFFNESS LIGHTWEIGHT SOFT
ROBOTIC MATERIALS WITH ARCHITECTURED EXOSKELETON
Citation:
H. Ali, H. Ebrahimi, J. Stephen, P. Warren, R. Ghosh, Tailorable stiffness lightweight softrobotic
materials with architectured exoskeleton, AIAA Scitech 2020 Forum, 2020, p.1551.
5.1 Abstract
Extra-terrestrial and extra-vehicular activity (EVA) require extreme remote maneuverability and
dexterity. At the same time, such robots must be lightweight with the possibility of on-site fab-
rication, retrofitting and assembly. This poses a difficult problem for traditional robotic systems
and robotic materials, which are typically bulky, cannot exhibit large deformations for tight spaces
and limited in their degrees of freedom. More significantly, such systems are incapable of being
programmed to change their shape, function and properties once fabricated. This calls for soft
robotic systems, which can reversibly deform to very large curvatures and typically lighter weight.
However, traditional polymeric materials still suffer from lack of programmability in properties
and shapes. Extracting multi-functionality is remains difficult. Here, we propose a new type of
soft robotic material, which is made of a soft underlying polymer substrate with stiffer plate like
material embedded on the surface overlapping with each other. The mutual sliding of these stiffer,
protruding scale-like materials can be tailored via their geometry and tuned via their stiffness.
We demonstrate the possibility of obtaining rapid stiffness gains under various loading conditions
using a combination of analytical modeling, finite element (FE) simulations and lab scale experi-
ments. Although materials selected are typical polymeric materials, our results are more general.
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5.2 Introduction
Renewed interest in human space flight [125, 126], mars colonization [127, 128] and maintain-
ing long term deep space habitats [129] would require new advances in robotics and their greater
integration with humans. Traditional hard robots face umpteen challenges in closer integration
with humans and at the same time also suffer from lack of multi-functionality, heavier mass, diffi-
culty in on-site assembly and repairing. The ability to tailor the mechanical properties (program-
ming) of the robotic component can potentially revolutionize robotic design for outer space [130]
. Several routes to programmable lightweight robotics exist, including tensegrity [131, 132] and
origami [133, 134]. However, the load bearing capacity, defect sensitivity and integrated multi-
functionality is limited. Another route to programmability is to chemically enhance polymeric
materials and make them responsive to external stimuli. However, such an approach has inher-
ent limitations due to complexities of chemical processing, which only accentuate in the extra-
terrestrial environments. A geometry or topology based approach is an attractive alternative. Here,
the material complexities are more limited and the properties are enhanced using special topolog-
ical features. This topology-based approach also called the meta-material approach, makes the
structures inherently lightweight and multifunctional. Similarly programmed inhomogeneity (e.g.
functional gradation) and directionality (anisotropy) can be easily engendered through the orienta-
tion and geometry of these exo-skeletons. Since the effective properties are inherently dependent
upon the geometry of the structure, spatial distribution of matter alone can result in very interesting
envelopes of mechanical behavior. More importantly, this spatial distribution approach can directly
leverage the advances in traditional and multi-material additive manufacturing making on-site fab-
rication relatively simple. In this paper, we present prototypes of 1-D programmable beam like soft
member with appended exoskeletons. Such slender members are essential for designing snake like
robots, gripper elements and parts of collaborative robotic environments. The spatial properties
of these exo-skeletons can be changed using a series of actuating mechanisms such as by strings
82
to endow on-demand tailorability. We will model the bending and twisting rigidity as well as lo-
calized contact (for gripping simulations) of these material systems using analytical models, finite
element (FE) simulations and lab scale experiments. For this paper, we demonstrate our capability
in investigating the simplest type of plate like exoskeletons, while continuing our efforts for more
general topologies.
5.3 Prototype Devices
We fabricate two classes of prototypes, one with flat plate like exoskeleton structures to demon-
strate property tailorability Fig. 5.1(a), and another with exoskeleton which utilizes an integrated
string based actuation system, Fig. 5.1(b), and Fig. 5.1(c). Both these systems can be used as an
archetype of continnum robot beam. The actuating device developed for this work is a continuum
arm robot and it operates by exploiting the interaction between a set rigid scales (exoskeleton) and
a soft bendable core. The exoskeleton is composed of a system of scales, which are interconnected
via cables. A small DC motor, with an added gearbox to increase the torque output, controls the
tension of these cables via a pulley system. With the exception of the DC motor, the entire contin-
uum arm robot is 3D printed. The tension applied in the cables cause the scales to interact with the
soft bendable core, and the other scales. The resulting force from the cables cause the continuum
arm to bend, the direction of the bending is controlled by selecting which cable to apply the ten-




Figure 5.1: (a) Plate-like stiff exoskeletons mutually engaged in concave curvature resulting in
progressively higher stiffness (top) and not engaged in convex bending resulting in no stiffness
gains (bottom), (b) A soft robotic arm with stiff exoskeletons capable of bending preferentially in
one direction through tension of the strings which are integrated with the exoskeletons and (c) an
electronic automatic version of the architectured exoskeleton system.
5.4 Modeling Approach
In this work, we demonstrate the mathematical formulations of the kinematics of the prototype
device shown in Fig. 5.1(b). For the mechanics of this motion we impose the assumption that the
deformation is small. The contact area between the rope and the outer green rigid ring is assumed to
be frictionless. The thickness of the outer green rigid rings is not accounted for in our calculations.
A technical schematic of the soft robotic arm, with several labeled parameters is shown in Fig. 5.2.
A schematic of the effect of a small applied deformation, via tension application, and the effect
this curvature has on the parameters is also listed in Fig. 5.2. The thickness of the green outer
rings is denoted by t, the distance from the tension string to the center of the arm is R, the distance
between outer rings is d, the radius of the flexible arm is r, and the tension of the cable actuation
system is denoted by T .
The curvature of the system is calculated via quasi-static approach and is given by the formula
curvature of the system is given by the formula ψ = κd. The system is non-dimensionalized via
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the parameter β = R/d. The parameter β is calculated from 0.1 to 0.5 in intervals of 0.1. This
non-dimensionalized parameter β has been plotted against the tension and curvature of the system
in Fig. 5.3. The moment bending generated when under an applied tension load for the system
is given in Eqs. 5.1. The equation that shows the applied tension and curvature response of the


























Figure 5.2: (Top) Schematic of the various measurable parameters of the flexible robotic arm, the
rigid exoskeleton support rings, and the tensioning cables, (Bottom) schematic of the application
of the tension to the cables for robotic actuation and the effect this has on the curvature of the arm.
















where φ = tan−1(9/β ) and d considered as 2 in. The rigid outer support rings of the system will
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experience a perpendicular resultant force as the curvature of the system is increased via applied


























Figure 5.3: (Top) Quasi-static resultant force on the outer exoskeleton rings due to an applied
tension to the actuation cable, (Bottom) the non-dimensionalized parameter β , where β = R/d,
plotted against the applied tension and resulting curvature response of the system.
We present evidence of tailorable stiffness for a range of loading conditions using a combination of
modeling and experimentation. We choose the simplest exoskeleton prototype where the skeletal
elements are overlapping stiff plates. We present the theoretical models and compare with FE
computations. Scale covered structures can be fabricated through adhering a plate-like structure (ls
(length) × bs (width) × ts (height)) into a soft material of dimensions (L×B×T ). The kinematic
of scales sliding is controlled by the deformation of the underlying substrate, Fig.5.4. For example,
for the case of uniform bending load in a one dimensional space, the rotation of scales θ is governed
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by the relationship ηψ cos(ψ/2)−sin(θ0+ψ/2)) [31,32]. Here ψ represents the angular rotation
of the underlying substrate and η = ls/d denotes the overlap ratio between scales, with d being the
distance between scales. Note that fixing d corresponds to an equidistance arrangement of scales,
and hence a uniform η for all overlapping scales on the surface that gains the structure additional
stiffness as compared with a plain beam. An increase in η will make the structure progressively
stiffer leading to a rigid locking regime. This ’locking’ occurs when it is kinematically impossible
for the scales to slide any further. In reality, at this point, the stiffness of the substrates transitions
to the much stiffer scale stiffness as the scales themselves begin to deform. Therefore, these stiff
elements can transform the pedestrian soft substrate into a tailorable one with three distinct elastic
regimes of operation - linear, nonlinear stiffening and final rigid locking state. These behavior are









Figure 5.4: (a) A schematic diagram of a representative volume element (RVE) of exoskeleton
system adopted form [135].
This stiffness gain, which depends on scales overlap, can itself be spatially tailored using non-
uniform distribution of the stiff scale like elements. Such a design leads to a funtionally graded
(FG) substrate [112]. This makes the stiffness of the structure even more tailorable and directional.
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We present the stiffness gains from this configuration in this abstract with the explicit aim of
extending it to more complex exoskeleton geometries.
Note that scaly structures are considered lightweight because the relative weight of scales to the
underlying soft substrate can be neglected. To illustrate the relative weight of scales mass as
compared to the substrate, we assume a unit width for both. The mass ratio Mr of the substrate,




ρ refers to the density, L is the embedded part of the scales, D is the thickness of scales, LB is
the substrate length, h is the substrate thickness, and Ns is the total number of scales on the beam
and can be expressed as Ns = LBd for the case of uniform scales distribution. The mass ratio can






. Note that in the limits Lts > 3 ,
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the mass ratio is approximately Mr ≈ ρBρs
30
η
. Note that these limits are ideal for space robotic
applications from a weights perspective.
The kinematics of FG scaled structures is considerably more challenging than uniformly distributed
scale case. Thus, for this case and in the limit of sufficiently dense distribution of scales we can
reasonably impose local periodicity. This assumption leads to a locally uniform pure bending mode
thereby allowing periodic engagement kinematic relationships [31] to be valid at least in a local
sense. The local periodicity assumption introduced earlier allows the isolation of a representative
volume element (RVE), Fig. 5.4, which makes the deformation (under static loading) governed by














H(κRV E −κe) = f (x)
[135]. Here y represents the vertical deformation of the scaled substrate, EI is the rigidity of
the substrate, κ is the local curvature of each RVE, and κe is the local curvature at the instant
of engagement found by replacing θ = θ0 in the earlier kinematic relationship. The Heaviside
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step function is added in the equation so that the term of scales is only included when scales are
in contact. Further, the rotation of scales is modeled as a linear torsional spring with constant
Ks, analytically evaluated as Ks = Et2s CB(
L
ts
)n where CB,n are constants with corresponding values
0.66 and 1.75, respectively [29, 31, 89].
For the case of bending loading, We tested two cases of loading condition -point load and traction
loading of a cantilever beam. For these two cases, we arranged scales linearly along the substrate
due to the higher stiffness that can be gained for cantilever beams with scales arranged linearly
along the surface [112]. The distance between scales followed the form di = d0 + δd(i−2), i > 1
where d0 is the spacing between the first (left side of the beam) and the second scale, index i de-
notes the scale number, and δd is the gradient and could be positive or negative. Note that δd = 0
corresponds to uniform distribution of scales. We first investigate the load-displacement charac-
teristics by plotting the normalized tip deflection versus normalized load. The results can be seen
in Fig. 5.5(a) and Fig. 5.5(b). We find that positive gradient leads to greater stiffness gains when
compared to either negative gradient or uniform scale beams. Similarly, negative gradients lead to
loss of stiffness for two load cases when compared to the uniform scale distribution. In summery,
both cases show a perceptible gain ion stiffness as compared to uniform scales distribution and
plain beam (no scales)
Note that there is not analytical model was developed for the indentation of an object with scaly
structures; However, we did some experiments to illustrate the effect of exoskeleton on interacting
with an external object. This is clearly presented in the Experimental section.
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Figure 5.5: Tip deflection of a FG exoskeletal beam normalized by the thickness of the beam (hor-
izontal axis) (with 20 stiff plate-like elements) under two different loading conditions normalized
by the beams thickness and its Young’s Modulus. The elements are distributed linearly with differ-
ent linear gradations. The loading cases are (a) point load at the free end of the beam, (b) Uniform
traction along the beam. In the two cases, the dimensions of the beam and scales are 100 mm
(length) × 1 mm (width) × 5 mm (height) and 25 mm × 1 mm × 0.1 mm, respectively while the
inclination angle is θ0 = 3◦. The green dots represent FE simulation results.
5.5 Finite Element (FE) Simulations
The modelling approach was further verified via carrying out a combination of finite element (FE)
simulations using the commercially available ABAQUS software for the three following cases
5.5.1 Bending
In this case, we made an assembly of 2D deformable shell types for stiff elements and the linear
elastic substrate. Next, we imposed rigidity on the stiff elements to obviate the need of any mate-
rial properties. A static step was utilized to match the corresponding kinematics of Euler-Bernoulli
beams. The contact was employed through self-contact option of the entire geometry with friction-
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less contact between any two neighboring scales. The loading conditions were employed based on
each case of loading while the boundary condition for the case of cantilever beams was imposed
by constraining the motion of the built-in edge (Displacement equals zero in all directions). For
mesh convergence, we varied the global size parameters until we achieved a convergence in the
load-displacement characteristics. A family of plane stress element was then used with quadratic
geometric order and due to the complexity of our exoskeletal structure we used a quadratic triangle
element CPS6M [39] near the top surface and biquadratic element CPS8 [39] for the other areas.
We now show how the stress contour changes when stiff element embedded on the surface for
the same case of the example illustrated earlier. The results are illustrated in Fig.5.6 where Mises
streses are higher near the built-in edge of the beam which is an indication of where scales st rates
engaging.
 
Figure 5.6: (a) Von Mises stress contour of the same example presented in Fig.5.5(a).
5.5.2 Indentation
In this case we made an assembly of three parts: the substrate, the scales, and the indenter. The
substrate was constructed as a linear elastic 2D semi-infinite. The scales were constructed as linear
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elastic elements with significantly greater stiffness than the substrate. A rigid constraint was ap-
plied to the indenter for the simulations. A static, nonlinear step was used to capture the nonlinear
effects of the scale contact. Frictionless contact was defined between neighboring scales and be-
tween the scales and indenter. The loading and boundary conditions were chosen to comply with
the experimental conditions. To show mesh convergence, we progressively increased the complex-
ity of the mesh. The mesh was comprised of plane stress elements with quadratic geometric order.
Due to the complexity of the embedded structure, triangular elements were used near the contact
area of the model while quadratic elements were used in the other areas. We now plot the Von
Mises stress contour for a case similar to the one in Fig.5.8(b) to elucidate how scales interact with



















Figure 5.7: (a) Von Mises stress contour of a 2D semi-infinite medium indented with a cylinderiacl
shape of radius R = 37.5 mm. The substrate has a Yong’s modulus of E = 0.19 MPa while the stiff
element are made of steel with E = 200 GPa.
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5.6 Experiments
We carry out experimental investigation of contact mechanics of exoskeletons to show tailorable
mechanics. experimental protocol is consisted of testing the exoskeleton samples under inden-
tation load. We have carried out experiments for skeletal and unskeletal samples to illustrate
the benefit present with exoskeleton. For this, we have performed experimental tests using an
MTS Insight®with a 100 N load cell, Fig. 5.8(a) and 5.8(b). The MTS was used to obtain load-
displacement characteristics for scaled and unscaled samples. The samples were fabricated through
adhering galvanized steel plates with an elastomer known as Vinylpolysiloxane (VPS). The sam-
ple geometries were rectangular with dimensions 200 mm (length) × 25 mm (width) × 75 mm
(height) for the substrate and 35 mm × 25 mm × 1 mm for the scales. The Young’s modulus was
200 GPa for the scales and 0.19 MPa for the substrate [31]. Both samples were placed on a base
and compressed with the MTS load cell. The overlap ratio for the sample illustrated in Fig.5.8(a)
was η = 1.6 while the radius of the indenter was R= 37.5 mm. The load-displacement characteris-
tics are plotted in Fig.5.9(a). The results clearly show that scales reduce the indented displacement
as compared with the unscaled sample. In addition, the increase in the overlab ratio would result
in a more stiffened base. In summery, our results showed a significant stiffening response in the
scaled sample, compared with the unscaled sample, which deviated from what would be expected
from traditional Hertz or JKR contact Fig.5.9(a).
The experiments were then compared with FE simulations. The case of a scaled sample with
η = 1.6 were found to converge with the experimental data. Another test case was performed using
FE for a scaled sample with η = 1.2 displayed a decrease in stiffness, while a third test case with
η = 2.3 displayed an increase in stiffness. Indentation testing showed pronounced directionality of
the contact region. This anisotropy was dependent upon the scale orientation and properties. We









Figure 5.8: (a) Experimental setup for a scaled sample with η = 1.6 under indentation loading
by an indenter with R = 37.5 mm, (b) Silicone substrate embedded with galvanized steel scales,
deformed under indentation loading to show the directionality of the scaled contact region.
(a) (b)
Figure 5.9: (a) Load-displacement relation of scaled and unscaled experimental samples compared
to theoretical Hertz and JKR, (b) Comparison of experimental results with η = 1.6 to finite element
simulations for scaled samples with variable η .
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5.7 Conclusions
In conclusion, this paper demonstrates a soft robotic material concept with tailorable stiffness
using exoksleton approach. In particular, we explored the geometrical tailorability brought about
controlling the distribution of scales along the surface of soft materials. We observed that the
case of linear and positive gradation of scales leads to a higher stiffness. In addition, We noticed
higher stiffness gain in contact mechanics of exoskeleton scaly surface with a cylindrical indenter.
Interestingly, We found that scales provide a pronounced anisotropy in the surface displacement
when interacting with external objects. Therefore, our study indicates that biomimetic scaly beams
can be an excellent platform for different application of soft lightweight material including gripping
and locomotion. Furthermore, We demonstrate that a very substantial and nonlinear changes in
properties are possible using this concept and can be invaluable for space robotic applications, due
to their inherent lightweight design and topological origins.
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CHAPTER 6: FOULING CHARACTERISTICS OF SCALE-COVERED
FILAMENTS: IMPLICATIONS ON ANTIFOULING PROPERTIES OF
FUR
Citations:
• M. Krsmanovic, D. Biswas, H. Ali, A. Kumar, R. Ghosh, A. K. Dickerson, Hydrodynamic-
sand surface properties influence biofilm proliferation, Advances in Colloid and Interface-
Science (2020) 102336
• U. Ghosh, H. Ali, R. Ghosh, A. Kumar, Bacterial streamers as colloidal systems: Five grand-
challenges., Journal of Colloid and Interface Science 594 (2021) 265–278.
6.1 Abstract
Fur is well-known for its insulative and protective properties, keeping mammals warm in the cold-
est environments. However, animals run, swim, and expose themselves to a myriad of contami-
nants. Surfaces which are frequently submerged are highly vulnerable to biofilm growth, yet furry
mammals that reside at the interface of water and sunlight practically escape this burden, despite
the available provisions for micro-organism proliferation. This ability is known as anti-fouling.
Biofouling is a complex biochemical process and it is essential to foster a deeper understanding
of the physical aspects of the process to investigate prevention strategies. In this context, surface
properties such as wettability, microtexture, and contours heavily influence the success of biofoul-
ing colonization [136–138]. The complex but conspicuous scaly structures on the surface of the
furs, as evidenced by scanning electron microscope images have long been hypothesized to be a
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very important factor mediating this behaviour. This chapter sheds light on the fundamentals of
this process by reducing the fur to a scale-covered elastica under flow with biomass suspensions.
A finite element (FE) coupled nonlinear deposition-large deflection model of the system is devel-
oped similar to ones developed earlier for fluid-structure interactions [139, 140]. The nonlinearity
in deformation comes from large geometric deflection. This creates a nonlinear elastic structure
even without external fluidic or adhesive coupling. However coupling it with a background flow
and biomass deposition would be the main focus of this chapter. Our studies have shown that
there is a complex softening-stiffening competition between the surface tension of the depositing
fouling mass and the scale induced deformation affecting deposition behaviour. In conclusion, our
study develops a numerical framework to incorporate for the first time the coupled deformation-
deposition behaviour of scale covered elastic filament including the nonlinearity stemming from
large deformation. We found that a complex interplay between topology and adhesion results in a
rich landscape of fouling behaviour and may explain some of fundamental reasons for anti-fouling
behaviour as well as their limits of effectiveness.
6.2 Introduction
Biofouling begins as a biochemical conditioning film forms on which bacteria adhere themselves
to form a biofilm [141], after which various eukaryotic organisms such as algae and marine in-
vertebrates colonize [142]. Bacteria species Vibrio proteolyticus [143], Escherichia coli, and She-
wanella oneidensis [144], are among the predominant primary foulers of bare substrates. The
formation and growth rate of such biofilms vary by organism, host substrate, environmental nutri-
ents, temperature, and flow characteristics [136,145,146]. Initially, the micro-organisms adhere to
the substrate via weak physical forces, including those resulting from van der Waals and electrical
double layer effects [137, 147]. Subsequently, they adhere to one another and the host surface by
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fimbriae and excretion of an extracellular polymeric substance (EPS) [148, 149]. As the biofilm
grows, its morphological and biological diversity increases both through life processes of cell di-
vision as well as by capture of other micro-organisms and biomass from the ambient media. This
form of organization makes microbial biofilms extremely resistant to external existential threats
– biological, chemical, or mechanical shear [148, 150–152], and thus is a preferred form of mi-
crobial organization [153]. Biofouling is a complex process, more so when the fouled surface is
topographically complex and susceptible to deformation. It is essential to foster a deeper under-
standing of the physical aspects of this process to elucidate more effective prevention strategies.
Bacterial adherence to surfaces is the first crucial step in biofouling colonization—surface prop-
erties such as wettability, microtexture, and contour heavily influence their success [136–138].
These basic aspects of biofouling have been known to researchers, and several successful attempts
to attack biofilms through surface control have been made in the past. The most popular of these
anti-fouling technologies are in the form of surface coatings, a simple way of discouraging fouling
by changing wettability and providing a toxic environment for biofilms. However, in spite of this
deceptive simplicity, this method lacks long-term durability due to issues stemming from abrasive
and corrosive removal [137, 154]. On the other hand, technologies which focus on promoting hy-
drophobicity work by decreasing protein bio-adhesion [155] whereas low-drag surfaces provide
antifouling mechanisms by increasing fluid velocity near the surface often achieved by means of
two- and three-dimensional riblets [156]. These methods are only robust to certain types of foulers,
and require specialized flow conditions. For example, fungal cells with hydrophobic cell walls are
attracted to hydrophobic surfaces [157]. Thus, a more universal technique is needed.
Defensive mechanisms against fouling employed across species are numerous [158–167], but not
universal. Some terrestrial and marine animals remain susceptible to fouling. The nearly hairless
manatee [168] and loggerhead turtle [169] can host barnacles, and the slow-moving sloth [170]
hosts epizoic algae. In warm-weather zoos, polar bear fur has been seen to turn green as algae grow
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inside the hollow fur follicles [171]. Hirsute semi-aquatic mammals such as otters, beavers, and
minks live in a nearly perfect environment for biofilm formation, providing motion to deliver nutri-
ents, exposure to sunlight, and few periods of dryness. Yet, only two anecdotal observations of red
algae growth on southern sea otters living near the Californian coast has been reported [172, 173].
Appearing on body regions not easily groomed, such as along the spine, red algae was reported to
appear and disappear on small numbers of individuals, suggesting prolonged levels of high activity
(grooming, hunting, mating) associated with healthy individuals is sufficient for removal. No other
species of algae are documented as growing on southern sea otter fur. Excluding these anecdotes,
there have been no reports of fouler growth on semi-aquatic mammals. Fur is neither superhy-
drophobic nor superhydrophilic, and does not secrete toxins [174]. Therefore, passive antifouling
mechanisms must be critical for survival, as mammals simply cannot groom every surface of every
hair on every region of their body. Attempting to do so would leave no time for other life processes.
The physical mechanisms that aid hirsute, semi-aquatic mammals in combating biofouling, partic-
ularly in hardto- reach areas, is unknown.
A promising path forward in anti-fouling strategies may be further exploration of natural solu-
tions to fouling by both mechanical and chemical means [156, 175, 176]. While the anti-fouling
properties of numerous flora and fauna have been explored in regard to surface topography, the
role surface deformation plays in self-cleaning is under-explored. Animals do not provide static
environments in which most foulers are found and have the ability to actively clean part of their
bodies. Insects and mammals have the ability to rid their bodies of accumulated moisture through
high acceleration [177–179], shaking and vibration, and thus rid their bodies of conditions friendly
to fouling. Such behaviors may also be effective at removing inorganic foulants such as dirt and
debris. The inability to self-clean would hinder the ability of an animal to locomote [180], repel
water [181,182], or regulate body temperature [183,184]. Semi-aquatic mammals are of particular
interest because despite the available provisions for microorganism proliferation and the frequency
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of submersion, their furs escape the burden of biofouling. The anti-fouling nature of fur has been
previously observed [185] but physical characterization remains undone. In general, biofouling on
surfaces which can significantly deform is poorly understood. Therefore, we here shed light on
the fundamentals of antifouling process of fur by reducing the fur to a scale-covered elastica. We
begin by solving the diffusion of external fouling transport to elucidate the role of deformation and
surface topography on the fouling process. We then couple between deformation and deposition of
bacteria/particles to further understand the interplay between deformation and topography on mi-
crobial adhesion. The coupling is performed through a developed finite element (FE) for the large
deflection of the fur and boundary element method (BEM) for the deposition of particles/bacteria
to various surfaces (either smooth or topographic). Lastly, we present computational fluid dy-
namic (CFD) simulations to describe the role of fluid flow on particle depositions to smooth and
topographic surfaces.
6.3 Material and Methods
6.3.1 Fouling of Fur-like Structures
Biofouling of hair-like surfaces is essentially multi-scale in nature with intricate fluid-structure in-
teractions. At the lowest and most fundamental length scales stands the problem of fouling single
hairs whose deformation takes place at relatively low Reynolds number (Re). Further complication
is introduced by the aggregate structure of fur, creating a larger relevant length scale. Here, fouling
at the fur patch length scale can be viewed as emergent from the collective behavior of individual
hair strands. The Re at different length scales gives rise to different fluidic loads and thus the
overall behavior is expected to be a function of numerous fur length scales, fur packing density in
a patch, fluidic flow rates and physiology of the fouling organism. At the smallest scale fouling
will depend on fur surface chemistry and topography. Despite of length scale, smooth surfaces
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are typically attractive to biofilms, which in turn leads to biofilm aggregation. Fur surfaces which
consist of plate-like topography is hypothesized to significantly change the initial stages of bio-
fouling, illustrated in Fig.6.1. Due to the multi-scale nature of the fouling process, the role of such
microscopic features propagates to the larger scales. The mechanisms through which deformation
and deposition can occur is understudied.
Figure 6.1: Schematic illustrating the influence of surface topography and deformation on surface
hugging biofilms and streamers. Black arrows indicate the direction of imposed fluid flow [186].
A simple model of quiescent flow is described herein in an early attempt to describe the role of
deformation and surface topography on the fouling process. External fouling transport is assumed
to be diffusive in nature. The steady state diffusion of the external fouling transport is modeled
by the Laplacian, ∇2C = 0 in an infinite domain Ω surrounding the fur. The main challenge is
the boundary condition, which are typically either attractive (adsorption) or repulsive (desorption).
The deposition kinetics of bacteria/particles along the fur’s surface are assumed to take a flux type
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boundary condition. The rate law on the surface is constructed such that higher the concentration
of in solution near the surface (blue), higher is the probability of moving out of surface, out of the
solution (see Fig.6.2). The first-order reaction law can be expressed as:
−→q |∂B ≈ k+(C∂B−Ceq)− k−C∂B. (6.1)
Here −→q represents the flux (or mass deposition per unit area) along the surface/boundary ∂B, C∂B
represents the concentration of bacteria along the surface, Ceq represents preexisted concertation,
k+ refers to the rate of adsorption and k− is the rate of desorption. Physically, k− would represent
a repellent chemical on the surface. In this chapter, we focus on the effect of the adsorption rate
and neglect the effect of the desorption rate. We now can write the flux q, which represents the








Figure 6.2: Schematic representation of bacteria concentration and relevance to mass deposition.
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Here nx and ny refer to the x and y components of a unit normal vector to the curve Γ, respectively.
In addition, k+ is the adsorption rate of bacteria, C is the surface concentration, Ceq is an empirical
constant characteristic of the surface. Further assumptions include the concentration at infinity to
be fixed at C =C∞, simulating a reservoir of bacteria.
The domain investigated here can be demonstrated as a multiply connected domain (beam in a
circle with radius 1× 105 [187]). This implies that the boundary of the fur will be referred to as
Γ1 while the boundary at infinity will be denoted as Γ2. The solution of the Laplacian equation,



























Here n is the outward normal to the surface, x is the source point, and x′ is the field point. The term




ln ||x− x′|| (6.5)
for our presented 2D case. The above integral equation is numerically solved using boundary ele-
ment method (BEM), and the boundaries are discretized using constant element [188] to accurately
calculate the integrals and avoid corner issues [189]. The results of our model are also verified with
FE simulations using ABAQUS. [39].
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6.3.2 Mechanical Problem for the Elastic Fur
The nonlinear deformation of the fur will be modeled as a scale-like topographic beam. Note that
scales do not slide for the case of fur and hence the topography will only alter the interfacial forces
based on the accumulated concentration on the surface. In addition, since the scales inclination
angle is typically very small, we will assume the force is applied vertically to the surface of the
fur. A detailed finite element method for the large deflection of beams will now be explained.







































where u(x) is the axial displacement, w(x) refers to the transverse displacement, εxx is the midplane


































where E is Young’s modulus, A is cross sectional area and I is the area moment of inertia of the











in which Hx, Hy, M are the axial force, transverse force and bending moment, respectively.
The discretization of finite element model (FEM) is standard, see [191] for details. For brevity,
each element will have two axial degrees of freedom u = [u1 u2], two transverse degrees of
freedom w = [w1 w2] and two rotational degrees of freedom θ = [ ∂w∂x1
∂w
∂x2
]. We assume linear
Lagrange and cubic Hermite polynomials interpolation functions for the values of the primary










Here q(I) = [u1 u2] and q(O) = [w1 θ1 w2 θ2]. Applying Hamilton’s principles, one can









































































We use Newton-Raphson scheme to obtain solution for the above nonlinear equations [121, 139].
6.3.3 Coupled Deformation-Deposition FE/BEM
We hypothesize that the interfacial forces brought about the concentration of bacteria and fur lead
to a deformation of the fur. Thus, coupling between the large deformation of the fur and depo-
sition of bacteria becomes significant to further understanding the interplay between deformation
and topography on microbial adhesion. Note that the coupling in our case occurs via boundary
conditions. The interfacial forces here will be assumed to be proportional to the concentration of
bacteria (i.e F = f (C)). In real cases, the proportionality should be estimated using experimental
results. However, here as we aim to provide a computational modeling for the coupling between
deposition of bacteria/particles and large deformation of the fur, we will test different cases to ad-
dress the effect of loading and deformation on mass deposition. Since this work assumes fur to be
a beam with smooth surface on one side and topographic in the form of scales on the other side,
the adhesion force locally will be represented as:
Fadhesion =−α1Ctopographic +α2Csmooth. (6.14)
The proportionality on each side of the beam will be different due to the hypothesis that the con-
centration of adhered mass will be different. Hence, α1 refers to the proportionality of the force
to the topographic surface while α2 is the proportionality to the smooth side. Note that the minus
sign in Eq.6.14 implies the opposite side to the smooth surface.
In addition, computational analysis of the actuated fur will require a self-consistent approach of the
coupled deformation and deposition. This self-consistent analysis of fur can be further understood
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by considering the fur as a cantilever or double cantilever beam. The approach of bacterial/particles
to the surfaces will give rise to attractive forces as mentioned earlier. These forces lead to a de-
formation of the fur, which will change the geometry of the fur (undeformed to deformed). This
results in changing the interfacial forces between bacterial/particles and fur. This process will
continue until an equilibrium state is achieved.
Herein, a finite element (FE) method is utilized to perform the mechanical analysis of the elastic
deformation of fur and BEM (presented in Sec.6.3.1) will be employed to aid characterizing the
interfacial forces. Coupling of FE/BEM will require compatibility of mesh and more importantly is
the interpolation of the solutions between different configurations. This could generate numerical
errors and more computational time. However, we overcome this problem here by imposing a
similar mesh for the boundary element on the surface of the fur and the finite element mesh.
Algorithm 1 summarizes the key steps involved in the self-consistent solution of the coupled
deformation-deposition problem.
Algorithm 1 A procedure for self-consistent analysis of coupled deformation-deposition
Repeat
1. Do mechanical analysis (on the undeformed geometry) to compute structural displacements
2. update the geometry of the fur/scaled beam using the computed displacements
3. Compute the concentration and mass deposition (on the deformed geometry)
4. Compute adhesion forces (on the deformed geometry)
5. Transform adhesion forces to the original undeformed configuration
Until an equilibrium state is reached.
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6.3.4 Coupled Deposition and Low Re-fluid
The deposition of particles to surfaces depends also on the fluid flow. Flow can increase the
momentum of particles and hence it will not get trapped around an obstacle. In addition, flow
also alters the shear stresses because of the proportionality of shear stresses to the gradients of the
flow velocity. Higher shear stresses can also aid in removing any adhered particles to surfaces. To
address the effect of smooth and topographic surfaces on particle deposition, we simulate a 2D flow
passing over a smooth and topographic circle. Here we simulate 2D flow for simplicity and gain
more deeper understanding on fundamentals that control particle depositions to either smooth or
Inlet Outlet
(a) (b)
Figure 6.3: Schematic representation of geometry utilized for investigating the effect of fluid flow
on the deposition of particles to smooth (a) and topographic surfaces (b). The roughness in (b)
is selected such that it represents the cross section fur. The dimensions of the geometry are as
follows: the length of the geometry is 1000 µm, the height is 500 µm, the inlet is 200 µm and the
circular cross section is 100 µm representing the average size of fur in nature. [192]
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topographic surfaces. A schematic for the geometry utilized in this investigation is given in Fig.6.3.
Without loss of generality, we randomly selected the roughness in the topographic surface. The
governing equations for fluid Flow are based on the Navier-Stokes equations, which for quiescent
and incompressible flow are [193]
ρ(u.∇)u = ∇.(−p+u(∇u+(∇u)T ))+F (6.15)
and
ρ∇.u = 0 (6.16)
where ρ is the density of the fluid (water in this work), u is the velocity of the fluid, p is preasure,
and F represents the volume force vector. Equations 6.15 and 6.16 are solved using finite element
methods embedded in COMSOL Multiphysics software. The boundary conditions utilized in the
simulation are the inlet velocity and the outlet pressure. The inlet velocity is chosen such that the
Reynolds number (Re) are very small, representing laminar flow. Note that Re for a flow past a





Where µ is the dynamic viscosity of water and its value is 8.90×10−4 Pa.s while D is the diameter
of the cylinder and here it represents the cross section of smooth and topographic fur. The outlet
pressure is assumed to be zero in our simulations and we impose no slip condition on all other
walls. In other words, the velocity at all other walls is zero. It is to note that as COMSOL solver
uses FE method, meshing of geometry was selected based on a convergence in the solution of the
velocity around the circular cross section located at the middle of the geometry.
The one way coupling between flow and particles deposition was performed through solving the
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flow velocity which was then used to calculate the drag force. A set of second-order ordinary
differential equations for the components of the particle position based on Newton’s second law of












Here mp refers to the mass of the particle, and for the purpose of this study, we use titanium dioxide
(TiO2) which holds a density of 4.23 gcm3 . The term u refers again to the fluid velocity while v
represents the particle velocity. τd is the particle velocity response time. According to Stokes drag





Where ρp and dp are the density and diameter of the particle, respectively. The initial conditions
for Eq. 6.18 involve the release of particles at the inlet side in the range of 0.1 µm and 36 µm.
We use the same mesh as in the case of solving the fluid flow, and the simulation is stopped once
a steady state solution is obtained in the simulation. Particles will freeze once they hit the walls.
The outcome of the simulations is the comparison between the number and variation in size of
particles that sticks to both smooth and topographic surfaces. It is to note that we only include the
drag force in our simulation because it serves as the main parameter controlling the motion of the
particles in flow.
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6.3.5 Interaction Energy: DLVO Theory
The interaction potential energy between any two surfaces approaching each other serves as a key
role of whether the two surfaces are attracting or repelling each other [192]. To thoroughly un-
derstand the favorability of adhesion when a particle/bacteria is approaching a surface, several
fundamental frameworks exists in the colloidal hydrodynamic literature which model the bacterial
attachment [196, 197]. Our modeling is a straightforward and verifiable thermodynamic formula-
tion to precisely study the altered energy landscape due to geometric complexity of the fur on a sin-
gle biomass. We will use the framework of DLVO (Derjaguin, Landau, Verwey, Overbeek) [196],
which determines the favorability of adhesion based on the summation of two distinct sources of
energy. These are Lipschitz-van der Waals forces which is always attractive, ULW , the repulsive
energy due to electrostatic forces from the electric double layer, UEL. Thus, the interfacial energy,
Uint can be expressed as Uint =ULW +UEL.
According to DLVO theory, the Lipschitz-van der Waals interacting energy between two infinite
planar surfaces as a function of the spacing between them can be written as:






where h is the distance between the two surfaces, AH is the Hamaker constant. h0 is the minimum
cut-off contact distance between two planar surfaces, and is roughly h0 ≈ 0.157 nm [198]. ∆GLWh0












Where f , p and l represent the fiber, particle and liquid or medium, respectively. Note that the
surface tensions are typically calculated based on measurement of contact angles on the surfaces
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investigated [199].
The electrostatic energy between any two planar surfaces can be expressed as:










where εrε0 is the permittivity of the suspended liquid, κ is the Debye screening length, ζ f refers
to zeta potential of the fiber and ζp is zeta potential of the particle approaching the surface.
The aforementioned formulas are the energy per unit area for two infinite planar surfaces. For the
case of a spherical particle approaching a topographic surface, we use surface element integration
(SEI) method [200] to calculate the interaction energy. This method allows calculating the total
interaction energy between two bodies through integrating the interaction energy per unit area







Where dS is the area of a differential element on the surface of the particle, n is the unit outward
normal to the surface and
−→
k is the unit vector in the unit vector in the direction of the normal
distance between the particle and fiber. Figure.6.4(a) illustrates a spherical particle on the top of a
topographic surface. If cylindrical coordinates are adopted, one can clearly see that the interaction
energy can be viewed as the integration of differential interaction energies between differential
circular rings and topographic surface at different vertical distances h, Fig.6.4(b). Hence, we can
write n.
−→
k dS = rdrdθ . From Fig.6.4(b), one can write
h = D+R−
√
R2− r2 +A− f (r,θ). (6.25)
Here D is the distance between the particle and a smooth surface, R is the radius of the particle, r
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Figure 6.4: Schematic representation of spherical particle on topographic surface (a) outline view
(b). side view. The schematic serves as an illustration of surface element integration used for
calculating the interacting potential energy between a spherical particle and topographic surface.
is circular ring radius and f (r,θ) is a function representing the topographic feature on the surface.
In this work, we will test two different topographies. The first is sinusoidal function in the form
Z = A+Asin 2nπT X and X = r cosθ in cylindrical coordinates. The other function represents a saw
tooth curve Z = ∑16i=1(−1)i+1 Ai sin
2nπ
T X . Note that T represents the diameter of the particle and n
is the frequency of the topography.
In this study, we use human hair as the material of the fiber and the particles is assumed to be TiO2.
Thus, the input parameters are R = 10µm and since the fiber diameter is typically much larger than
the diameter of particles of TiO2, we assume the the fiber as topographic flat surface [201]. The
zeta potential of human hair and TiO2 as a function of the PH are tabulated below: [202, 203]
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Table 6.1: Zeta potential values of human hair and TiO2 at different PH, taken from [202, 203]
PH Human hair TiO2
3 3 mV 40 mV
5.5 -12 mV -10 mV
10 -25 mV -30 mV
In addition, the medium is assumed to be water. Therefore, the Lipschitz-van der Waals (LW)
surface energy of water is γLWl = 21.8 mJ/m
2 [199]. The LW surface energy of Tio2 is γLWl = 11.3
mJ/m2 [199] while for human hair is γLWl = 23.5 mJ/m
2 [204]. The permitivity of vacuum is
e0 = 8.85−12 C2/(J.m) while the dielectric constant for water is 78.304 [199]. The inverse Debye





where I is the ionic strength in terms of molarity, I is 0.01 M.
Note that the computed energy landscapes will highlight the nature of potential wells and barriers
to be correlated with the success of initial approach stage. Higher potential barriers require a higher
amount of kinetic energy for approach, whereas multiple wells (secondary minima) may indicate
that the particles are trapped away from the surface.
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6.4 Results and Discussions
6.4.1 Fouling of Fur-like Structures
The results of our proposed simple model of quiescent flow to describe the role of deformation
and surface topography on the fouling process are presented here. A select case with length L =
10 mm and thickness h = 0.1 mm is used for illustration. The topography is presented in the
form of 20 overlapping scale-like plates with thickness D = 0.05 mm and inclination angle of
θ0 = 5◦. The scales are dense so that the distance between scales, which defines the overlap ratio,
is approximately zero. Without loss of generality, the boundary conditions are assumed as C∞ = 10,
k+ = 1 and Ceq = 0 leading to q=C on Γ2. Since the domain outside the fur is assumed infinite, the
solution of the Laplacian equation is obtained by the boundary element method (BEM) [139,140],
as a traditional finite element (FE) method would require meshing infinite size domains. The
BEM results are validated with a few test cases using a commercial Finite Element (FE) software
assuming a very large external domain.
For this case, the concentration (normalized by the concentration at far-field) along both surfaces
of the fur (smooth/topographic) can be seen in Fig. 6.5(a). Topography along the surface leads to
reduced concentration and mass deposition per unit area compared to the flat smooth surface. Such
results are completely altered once the surface is deformed. For example, when the fur is assumed
to be initially deformed according to y(x) = Asinπx, A = −0.1 and we introduce X̄ = xL , where
X̄ ∈ [0 1], the concentration of bacteria varies significantly along the smooth and topographic side,
Fig.6.5(a). Interestingly, the smooth side of the curved fur is found to accumulate more mass along
the surface compared to smooth-flat. However, the opposite is true for the topographic side, im-
plying bacteria/particles tend to travel far from topographic convex surfaces. The green dots in the
figure illustrate the excellent match with FE simulations. The role of convex and concave curvature
115

























Figure 6.5: (a) Normalized external fouling concentration along the smooth and topographic side
of straight and deformed beam mimicking fur. The green dots illustrate the excellent match with
FE simulations. (b) Steady state mass deposition rate per unit length (cell/cm.s) along both (smooth
and topographic) sides of a beam initially deformed in a sinusoidal shape at various deformation
amplitudes. Here X̄ is the normalized distance along the beam and Ā represents the maximum
deflection of the beam normalized by its thickness.
along with topography is presented in Fig.6.5(b), illustrating the steady state mass deposition rate
per unit length along the surface M̄t =
∫
LS qdS/LS versus curvature (convex to concave), where dS
refers to a line element for either the topographic or smooth surface and LS is the total arc length of
the surface. Mass deposition rate is reduced with convex curvature. Particularly, topography along
the convex curvature is observed to reduce mass deposition rate per unit length along the edge. In
addition, the density of topography can significantly affect deposition rate per unit length as shown
in Fig.6.5b for the case of 10 and 30 scale-like plates on the top surface. There is not, however, a
significant difference between the smooth sides for the two cases illustrated. Note that an increase
in the concave curvature leads to settlement of the deposition rate per unit length, where curvature
does not have any role in mass deposition rate along the surface. The same is untrue for the case of
convex curvature, where more curvature leads to more bacterial/particles repellency. These prelim-
inary results indicate that an interplay of the biofilm transport processes with deformation exists
and point to an interesting frontier of investigation. However, much is sill unknown such as the
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bacterial/particles interface adhesion mechanism and exact nature of surface adsorption kinetics
which can dictate boundary conditions. Interestingly, rough topographies, especially if they are
overlapping are known to produce highly intricate nonlinear and directional mechanical properties
dictated by the topography [31, 88, 89, 112, 135, 206, 207]. Although there have been significant
advances in biofilm evolution and formation simulations over the years [208–213], when coupled
with fluidic loading, biofouling would be an exciting unexplored area of advancing computer sim-
ulations which can lead to the design of tailorable and tunable anti-fouling surfaces via topographic
features and deformation.
Another test case we present here is the comparison between smooth-smooth and smooth topo-
graphic beam in altering bacteria/particles deposition. For this case, we also illustrate the role of
curvature on mass deposition. The results can be seen in Fig. 6.6. The figure evidently ensures that
mass deposition per unit length can be significantly reduced on the upper surface of convex config-
uration. In particular, we notice that density of topography (i.e., more scales added to the surface)
also leads to less deposition when presented along the the upper surface of convex configuration
and the opposite is true for concave configurations. Interestingly, the imposition of topography on
only one surface provides anisotropy in the total deposited mass as compared to smooth-smooth
beam (i.e the surfaces on both sides of the beam are smooth). In summary, topography and defor-
mation provide an imperative bearing on mass deposition or biofouling of surfaces, giving rise to
antifouling surface design tailorability through topographic surfaces and deformation.
6.4.2 Coupled Deformation-Deposition FE/BEM
The results of the proposed FE model, presented in Sec.6.3.2, for large deflection are first verified
here with analytical solutions from literature for both cases of single and double smooth cantilever
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Figure 6.6: (a) Mass deposition per unit length along the upper and lower surface of plain beam
and scale-like topographic beam with various scales density surrounded by infinite media and the
concentration at the far-filed is constant C∞ = 10 while k+ = 1. The cases presented include 20
and 40 scales arranged on the surface with an initial angle of 5◦. Here Ā represents the maxi-
mum deflection of the beam normalized by its thickness and the mass is presented in the unit of
(cell/cm.s).
beam. For this case, the deformation of the beam is y(x) = w024EI (4Lx
3− x4−6L2x2) [90]. Here E
is assumed to be the modulus of human hair as a replacement to fur and its value is≈ 4 GPa [214].
The results of our FE model along with the analytical solution are presented in Fig.6.7(a). The
figure depicts the deformation along the beam normalized by its thickness. The traction load
applied was w0 = 3×10−4 N/mm while the length and the thickness of the beam were assumed as
L = 10 mm and h= 0.1 mm, respectively. We clearly see a perfect match in the results between our
FE model and the analytical solution verifying the obtained solution from our proposed FE model.
The second test case is a double cantilever beam that is also subjected to a uniformly distributed
traction w0 across its span. We use the same dimensions for the geometry as in the case of single
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cantilever beam. The analytical solution for double cantilever beam is y(x) = w024EI x
2(L− x)2 [90].
the traction applied load for this case was w0 = 0.015 N/mm. Again we see a perfect match in the
results when comparing our FE model with the analytical solution, Fig.6.7(b).
























Figure 6.7: (a) Deflection of a cantilever beam normalized by its thickness and subjected to a
traction load. The results are illustrated for the case of w0 = 3× 10−4 N/mm and the solution is
obtained using a proposed FE model for large deflection and analytical solution from literature
[90]. (b). Deflection of a double cantilever beam normalized by its thickness and subjected to
a traction load, w0 = 0.015 N/mm. The solution is also obtained using FE model and analytical
solution. The length and the thickness of the beam were assumed as L = 10 mm and h = 0.1 mm,
respectively.
For the coupling between the large deformation and particle deposition, we begin by introducing
the results for the case of a single cantilever beam with both sparse and dense topography of scale-
like features on the top surface of the studied beam. As a reminder, we obtain the forces by solving
for the concentration along the surfaces of the both smooth and topographic beams. We then obtain
a deformed geometry based on the applied force. The process is continued until an equilibrium is
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achieved for the deformed geometry. We perform a parametric study by varying the proportionality
of the loading to both surfaces (i.e smooth and topographic). Here the proportionality of the loading
is varied such that α = α1
α2
. α < 1 indicates that higher concentration is resulted on the smooth
surface and hence the beam will deform upward. On the other hand, α > 1 implies more mass
accumulated on the topographic surfaces which leads to a deformation downward. We here obtain
the total mass deposited on the beam for both cases of deformation (upward and downward) and
compare with the case of smooth surfaces on both sides. In addition, we made sure that α is
chosen such that the applied load as a function of concentration does not lead to an excessive
deformation. The results for the case of single cantilever beam are presented in Fig.6.8. In this
figure, R represents the total mass accumulated on the topographic beam normalized by smooth
beam. In other words, we obtain the total mass per unit length per unit time that is deposited on the
topographic beam and compare the results to the case where topography on the surface is absent
for the same α . For the case of sparse distribution of the topography on the surface, we obtain a
reduction in the total mass deposited on the surface as compared to a smooth beam. Deformation
always lead to better results when compared to flat surfaces. This may not be clear for the case
of sparse scales where R does not vary significantly for various loading. However, the benefit of
adding topography is clearly captured in the case of dense scales (black curve). Again. deformation
provides less mass deposition when compared to flat surfaces and it is here noticed to be reducing
more for the case of downward deformation.
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Figure 6.8: The total mass deposition per unit length per unit time of a scale-like topographic beam
normalized by the total mass per unit length per unit time of smooth surfaces for the case of single
cantilever beam for cases of sparse (red curve) and dense (black curve) scales on the surface. The
mass deposition is plotted against the proportionality of the load applied to the surfaces, α = α1
α2
.
The beams are assumed to be surrounded by infinite media and the concentration at the far-filed
is constant C∞ = 10 while k+ = 1. The cases presented include 10 and 30 scales arranged on the
surface with an initial angle of 5◦.
The second test case presented here is the double cantilever topographic beam. Overall, a similar
trend is observed when comparing the effect of deformation to flat surfaces and more topography
compared to less topography (i.e dense scales vs sparse scales). The results for the case of double
cantilever beam are presented in Fig.6.9. The figure illustrates that the ratio of the mass deposition
varies significantly for dense topography unlike sparse topography for various α . This is expected
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as the effect of roughness in sparse topography can be vanished. However, we here focus on
the role of different boundary conditions. The case of dense scales on double cantilevered beam
produces significant reduction in the ratio of the total mass deposited on the beam compared to a
single cantilever beam. The variation in the reduction of the total deposited mass as compared to
smooth surfaces is clearly noticed here for the case dense scale-like topographic beams.
Figure 6.9: The total mass deposition per unit length per unit time of a scale-like topographic beam
normalized by the total mass per unit length per unit time of smooth surfaces for the case of double
cantilever beam for cases of sparse (red curve) and dense (black curve) scales on the surface. The
mass deposition is plotted against the proportionality of the load applied to the surfaces, α = α1
α2
.
The beams are assumed to be surrounded by infinite media and the concentration at the far-filed
is constant C∞ = 10 while k+ = 1. The cases presented include 10 and 30 scales arranged on the
surface with an initial angle of 5◦.
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In summary, the deposition of bacteria/particles to surfaces can be altered significantly when to-
pography is presented on the surface. In addition, the deposited mass can generate forces that
deform the surfaces. This deformation will reach to an equilibrium state based on the mass of the
diffused bacteria/particles around the the surfaces of fur, leading to a less deposited mass as com-
pared to flat surfaces (either smooth or topographic). These results provide an imperative bearing
on mass deposition or biofouling of surfaces, giving rise to antifouling surface design tailorability
through topographic surfaces and deformation.
6.4.3 Coupled Deposition and Low Re-fluid
The velocity field for the geometry utilized in this work is illustrated in Fig.6.10. The inlet velocity
was chosen as 86.3 mm/s and the diameter of the circular cross section was selected as 100 µm
representing an average size of fur in nature [192]. This makes the Reynolds number (Re) to
be roughly about 9.7. As expected, the fluid velocity profile resembles typical simulations of
flow past cylinders with boundary layer surrounding the circular cross section [193]. Note that
we only present the velocity profile for the case of flow passing over the smooth circular cross
section because there is not much difference in the velocity profile when comparing the results
with topographic circular cross section. However, the effect of the topography appears clearly
when we plot the shear stress profile around the smooth and topographic circular cross section.
The results can be seen in Fig.6.11. We clearly observe that the shear stress is higher around the
tomographic circular cross section. The shear stress was evaluated based on the multiplication
of the resulted shear rate from COMSOL solver and the dynamic viscosity of water. The shear
stress around the topographic cross section is approximately 1.4 the shear stress obtained for the
case of smooth surface. This increase in shear stress aids in removing more particles if they were
previously adhered to the surface. Hence, the results confirm that particles will favor adhering to
smooth surfaces because of the lower shear stress along the boundary.
123
Velocity mm/s
Figure 6.10: Velocity profile of fluid passing over a smooth circular cross section. The inlet ve-




Figure 6.11: Shear stress profile of fluid passing over a smooth (a) and topographic (b) circular
cross section. The results are only illustrating the area around the circular cross section. Here
the inlet velocity is 86.3 mm/s and the outlet pressure is zero. The Reynolds number (Re) is
approximately 9.7.
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We now present the results of particle depositions. In our simulation, we released 6×105 particles
at the inlet. For the case of smooth circular cross section, 98.3 % was transmitted to the outlet.
The number of particles that was deposited to the surface was 258, which represents 0.043 % of
the released particles. For the case of topographic circular cross section, the number of transmitted
particles to the outlet was 98.5 %. Here the number of adhered particles to the topographic surface
was 123, which represents 0.02 % of the total released particles. Note that particles also stick to
the other walls due to the stick boundary condition imposed in our simulation. The results clearly
show that particles favor adhering to the smooth surface which can be due to low shear stress as
compared to the topographic case.
Interestingly, our results revealed that smaller particles favor deposition to topographic surface.
This finding was observed when we plotted the frequency of particles sticking to the surface.
The results are given in Fig.6.12(a) in which we plot the frequency (i.e. number of particles)
against the average particle diameter. Here the average particle diameter is estimated based on
the average of range of diameters. For example, 2.5 µm represents the average of particles with
diameters between [0.1, 5] µm. Similarly, 7.5 µm is the average of particles diameter in the range
of [5, 10] µm. The figure illustrates that the frequency sharply increases with increasing particles
diameter for the case of smooth surface while we do not see a drastic change in the frequency
of particles with larger diameters. The total deposited particles for both smooth and topographic
surface are shown in Fig.6.12(b). The color bar represents the particles diameter. Based on the
results obtained from COMSOL Multiphysics simulations, one can conclude that the deposition
of particles increases in the case of smooth surfaces due to the lower shear stress as compared to
the topographic surface. In addition, large particles favor adhering to smooth surface while the






Figure 6.12: (a) Frequency of particles deposited to smooth and rough circular surface in the
presence of moving flow (b) The position of the particles (various diameters) deposited to the
smooth (up) and rough (down) circular cross section. For this simulation, the number of particles
released at the inlet was 6×105.
6.4.4 DLVO Enrgy Calculations
We begin our results here by illustrating the potential energy between a spherical particle and a
smooth surface, representing the surface of fur with no topography, at various PH. The potential
energy is here scaled by the product of the Boltzmann constant, and room temperature, which is
common in molecular-scale systems. The results can be depicted in Fig. 6.13 which shows the
interaction potential energy between a spherical particle representing TiO2 and fiber representing
human hair for three select cases of PH = 3, 6 and 10. We notice at low PH (here PH = 3), there is
no energy barrier, implying no additional velocity is needed for the particle to stick to the surface
once it arrives at the surface. Energy barrier appears when PH = 6. This indicates that the particle
will have to arrive at a certain velocity to overcome the energy barrier, otherwise it will travel away
from the surface via diffusion mechanism. As we keep increasing the PH, we notice the energy
barrier is increasing. Again indicating a higher velocity is needed , compared to the case of PH =
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6, for the particle to stick to the surface. These results illustrate that keratin fibers repel particles
more at higher PH solutions, providing a key mechanism controlling antifouling.






















Figure 6.13: Interaction energy between a spherical particle and smooth surface as function of the
separation distance D at different values of PH.
The role of topography on the interaction potential energy between a spherical particle and to-
pographic surface is now presented. We present the results for the case of PH = 6, presented in
Fig.6.13. We compare the results with two topographic densities and amplitudes representing a
single sinusoidal function. The results are shown in Fig.6.14. The blue curve in the figure rep-
resents the case of topography with amplitude A = 1 nm and n = 15. we clearly see an increase
in the energy barrier as compared to smooth surface, implying the benefit of using topography for
antifouling. However, when we tested the case of topography with amplitude A = 4 nm and n = 5,
we noticed a decrease in the energy barrier as compared to smooth surface. Here topography works
in the favor of adhesion. These results imply selection of topography (i.e. geometry and density)
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can work both ways for the case of adhesion. Hence, a phase diagram is needed to illustrate the
regions of favorability of adhesion.



















Figure 6.14: The effect of topography on the interaction energy when a spherical particles ap-
proaching a topographic surface.
To construct the phase diagram, we varied both the amplitude and density of the topographic
feature and calculated the percentage change in the energy barrier for the case of PH = 6, presented
in Fig.6.13. The results are given in Fig.6.15. The figure illustrates that there is only a limited
region where the energy barrier is increased. This region is illustrated by the black borders on
the phase diagram. Thus, our results show that by controlling the amplitude and density of the
topographic feature, rich landscape of tailorable surfaces for antifouling can be possible.
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Figure 6.15: Phase diagram illustrating the percentage change in the energy barrier between a
spherical particle and smooth surface when topography is added in the form of bumps (i.e. si-
nusoidal shapes) on the surface. The radius of the particle is 10 µm. The density represents the
frequency of topographic feature along the surface while Amplitude refers to the height of the
roughness. The borders illustrates the region where the percentage change in energy barrier starts
decreasing compared to smooth surface.
It is to note that when topography was modeled as saw tooth curve, the landscape map of energy
barrier increase over both amplitude and density using a phase diagram did not show any increase
in the energy barrier for the case of PH = 6, presented in Fig.6.13. Hence, such topography only

































Figure 6.16: Phase diagram illustrating the percentage change in the energy barrier between a
spherical particle and smooth surface when topography is added in the form of scale-like on the
surface. The radius of the particle is 10 µm. The density represents the frequency of topographic
feature along the surface while Amplitude refers to the height of the roughness.
6.5 Conclusions
In this chapter, and inspired by fur antifouling, we explored the role of deformation and surface
topography on the fouling process. A finite element (FE) coupled nonlinear deposition-large de-
flection model of a scale-covered elastica under flow with biomass suspensions was developed.
Our results revealed that the deposition of particles to surfaces can be altered significantly when
topography is presented on the surface. In addition, the deposited mass can generate forces that
deform the surfaces. This deformation will reach to an equilibrium state based on the mass of the
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diffused particles around the surfaces of fur, leading to a less deposited mass as compared to flat
surfaces (either smooth or topographic). In addition, low Re CFD simulations, Re ≈ 10, coupling
drag force of flow and particles motion illustrated large particles favor adhering to smooth surface
while the opposite is true for the case of topographic surfaces. Finally, using DLVO approach for
calculating the interaction energy between a spherical particle and fibers, we showed that by con-
trolling the amplitude and density of the topographic feature, a rich landscape of tailorable surfaces
for antifouling can be possible.
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CHAPTER 7: CONCLUSIONS AND FUTURE WORK
7.1 Summary of Conclusions
The main objective of this work was to investigate the mechanics and multiphysics of biomimetic
discrete exoskeletal substrates. The work focused on discovering relationships between geom-
etry, architecture and materials. Examples include using fish scale-like structures for designing
lightweight materials, discovering relationships between material micro-architecture and unique
properties (e.g. antifouling) for various applications including marine and biomedicine. A sum-
mary with important findings and conclusions are highlighted below.
Bending of biomimetic scale covered beams under non-periodic engagement
Previous models in literature have always assumed periodic engagements of scales, which had
resulted in appreciable deviation from fully resolved FE models. In addition, periodicity makes
it impossible to track the local angular changes of the scales. The previous models could not
take into account the particular deformation modes, which are inherently non-uniform such as
those presented in this paper. In such cases, local periodicity is often an unphysical restriction on
realistic macro length scales as evidenced by visual observations of the deformed structure and
finite element simulations. These particular aspects have been addressed by our model making
it more accurate. This is a significant step towards developing the structure-property-architecture
framework for topologically leveraged solids such as these opening way to better integration with
additive manufacturing and possible topology optimization. The model introduces a new and more
accurate way to predict the mechanical properties of the scale covered substrates. The analytical
predictions for three test cases have been derived and thoroughly validated with finite element cal-
culations. It was found that non-periodic post engagement behavior cannot be neglected as the
errors could be significant. In the same vein, incorporating periodicity eliminated most of the dis-
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crepancies of the previous models completely thereby showing no further source of inaccuracies
in the previous models. Using non-periodic general theory allows us to interpret locking more
accurately since the original formulation depends on a simultaneous, locked position. It was found
that locking in symmetric scaly structures begins at the middle of the structure and continues out-
ward towards the edges. On the other hand, for the case of non-symmetric scaly beams, locking
starts near the edge that is exposed to the highest curvature. Symmetric structures require less of
an overlapping ratio than non-symmetric structures in order to gain a noticeable stiffness. This is
important for a number of applications such as substrate design, soft robotic gripper, deployable
structures etc. which would exhibit complex non-periodic and discrete type mechanics.
Nonlinear Mechanics of Functionally-Graded Biomimetic Scale Covered Beams
The geometrical tailorability of elasticity brought about by controlling the distribution and orien-
tation of scales on a slender substrate subject to different loading conditions is explored. These
include point load at the free end, uniform traction, linearly decreasing traction, and concentrated
moment at the free end. We utilized a model, FE computations, and experiments in this work. We
found that there were several similarities in mechanical responses between these loading. Subtle
but important distinctions existed between concentrated moment and the other load cases indi-
cating the critical interplay of deformation with scale kinematics. Although scales sliding would
inevitably lead to substrate stiffening, the degree of stiffening is strongly dependent upon the slid-
ing kinematics and the underlying substrate deformation, which is sensitive to specific loading
types. Thus if the scales are arranged in such a way as to alter the sliding kinematics, it changes
the individual scales rotation with deformation. This change in scale rotation response leads to
a change in the stored elastic energy from the scale-substrate elastic interaction. It is this phe-
nomenon which gives tailorability to the system. Finally, we also quantified the entire landscape
of stiffness tailorability dependent on both spatial and angular FG. These two FG strategies yielded
different types of tailorabilities indicating the many possibilities for structural design.
Nonlinear Oscillations of Biomimetic Scale Covered Beams
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Although previous static deflection studies had highlighted the dual role of friction as a dissipater
as well as stiffness enhancer, the dynamic studies revealed phenomena that are even more inter-
esting. We found that in spite of postulating only dry Coulomb friction, the oscillations resemble
viscous damping behavior. The scales provide significant anisotropy of frictional behavior, which
can be tailored using interfacial and geometric parameters. We have also found various degrees
of sensitivity to initial displacements depending upon scale geometry and friction. Finally, our
forced vibration studies have shown a strong nonlinear response but where the role of friction was
firmly dissipative in nature. Therefore, unlike traditional structural damping, the role of friction
in a biomimetic system is variegated, exhibiting stiffening, damping or both of these functions.
Our study indicates that, biomimetic scale beams can be an excellent platform for synthesizing
substrates with tailorable dynamic indices.
Soft Robotic Material with Architectured Exoskeleton
A soft robotic material concept was demonstrated with tailorable stiffness using exoksleton ap-
proach. In particular, we explored the geometrical tailorability brought about controlling the dis-
tribution of scales along the surface of soft materials. We observed that the case of linear and
positive gradation of scales leads to a higher stiffness. In addition, we noticed higher stiffness
gain in contact mechanics of exoskeleton scaly surface with a cylindrical indenter. Interestingly,
we found that scales provide a pronounced anisotropy in the surface displacement when interact-
ing with external objects. Therefore, our study indicates that biomimetic scaly beams can be an
excellent platform for different application of soft lightweight material including gripping and lo-
comotion. Furthermore, we demonstrate that a very substantial and nonlinear changes in properties
are possible using this concept and can be invaluable for space robotic applications, due to their
inherent lightweight design and topological origins.
Fouling Characteristics of Scale-covered Filaments
Inspired by fur antifouling, we explored the role of deformation and surface topography on the
fouling process. A finite element (FE) coupled nonlinear deposition-large deflection model of a
134
scale covered elastica under flow with biomass suspensions was developed. Our results revealed
that the deposition of particles to surfaces can be altered significantly when topography is pre-
sented on the surface. In addition, the deposited mass can generate forces that deform the surfaces.
This deformation will reach to an equilibrium state based on the mass of the diffused particles
around the the surfaces of fur, leading to a less deposited mass as compared to flat surfaces (either
smooth or topographic). In addition, CFD simulations performed in low Re ≈ 10 coupling drag
force of flow and particle motion illustrated large particles favor adhering to smooth surfaces while
the opposite is true for the case of topographic surfaces. Finally, using DLVO approach for calcu-
lating the interaction energy between a spherical particle and fibers, we showed that by controlling
the amplitude and density of the topographic feature, a rich landscape of tailorable surfaces for
antifouling can be possible.
7.2 Future Work
The following themes are of interest for further research:
• The dynamic model presented here was explored based on computational solutions. How-
ever, analytical models to capture the nonlinearity stemming from the sliding of scales would
help investigating the system very thoroughly. It would be useful to use a nonlinear spring
with nonlinearity matching the behavior of scales rotation.
• Moving to large deflection would help including the system proposed in this work in soft
robotic applications. This could be performed using elastica rod theory for the underlying
substrate. It is also important to investigate the effect of varying the substrate material.
This work assumed the material of the underlying substrate to be linear elastic. However,
extending it to hyper elastic material would also be of great importance.
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• The effect of varying the stiffness of embedded scales with respect to the the soft substrate
on the nonlinear stiffening of the substrate is of great importance to investigate. This works
assumed the scales to be rigid and hence locking regime was observed. This raises the
question whether locking regime will be observed once the stiffness of scales are varied.
• The proposed work characterized the behaviour of biomimetic scales-covered beams. Ex-
tending this work to higher dimensional spaces will be very important to investigate the
generality of these results beyond beam-like substrates and hence expanding their applica-
tion. In addition, the role of scale geometry beyond rectangular plates will be very important
to explore because it will reveal more knowledge about the system.
• Actuation methods for biomimetic scaled-covered substrates is needed to open avenues for
using such structures in soft robotic applications.
• In chapter 3 , the focus was optimizing the tip deflection of the biomimetic scale covered
beam using functional gradation approach for the scales. Optimizations of other functions
is also important. For example, the system can be tailored based on weight to deflection or
work space. This can be performed using the same model but the focus will be on different
objective function.
• The origins of structural damping for the systems considered in this thesis are from the fric-
tion between sliding exoskeletal structures. These structures are dramatically reshaped in
metamaterials due to the intricate interplay of dynamics, deformation and topology. The dy-
namics of biomimetic-scale exoskeletal metamaterials, resembling the form of scales found
in nature on fishes and reptiles, is dictated by the complex mutual sliding kinematics of the
stiff plate-like scales. However, the emergence of damping due to sliding friction is poorly
understood as friction has a dual nature: enhance both dissipation and stiffness.
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APPENDIX A: FRICTIONAL DAMPING FROM BIOMIMETIC SCALES
137
In this appendix, we detail some of the assumptions presented in Chapter 4 including the neglect
of the scales’ mass as well as an explanation of the steps considered to derive the equation of the
motion of a biomimetic scale covered beams.
A.1 Mass of Scales Effect
In order to see the influence of scales mass as compared to the substrate, we look at the mass ratio
of the two. Assuming a unit width for both mass and scales, one can write the mass of the beam
as MB = ρBhLB while the mass of scales is Ms = Nsρs(L+ l)D. Their ratio can then be written as
Mr = MBMs =
ρBdh
ρs(L+l)D
based on uniform distribution of scales (i.e. LB = Nsd) with Ns being the total
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Note that these limits are ideal for various types of scales located in nature [34]. Additionally, in
the case of small η , the mass of the beam becomes dominant which allows for neglecting the mass
of scales. This justifies our assumption of neglecting the kinetic energy of the scales when deriving






Figure A.1: Dimensional parameters used for the elastic substrate and the embedded scales.
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A.2 Derivation of Equation of Motion of Scaly Beams
To derive the equation of motion, we employ Hamilton principle which requires the need of for-
mulating the kinetic and potential energy of our scaly beam. We can write the strain energy per
unit length V̂B for the entire substrate as VB = 12EBIBκ
2 with IB being the second moment of area
of the cross section of the beam, κ = ∂
2ỹ
∂ x̃2 is the instantaneous curvature of substrate, and ỹ is the
transverse deflection of the beam, positive upward and negative downward, Fig.A.2. To formulate
the strain energy brought about scales rotation, we assume a density function for scale RVE distri-
bution, λ (x) which makes the total scales be NRV E =
∫ LB
0 λ (x̃)dx. In addition, this works addresses
uniformly distributed scales along the length of the beam (i.e. λ = NRV ELB ). Therefore, the strain
energy induced by scales rotation is V̂s = 12NRV E d̃ K̃s(θRV E −θ0)














Figure A.2: A schematic diagram of simply supported scaly beam and RVE geometry of local
periodicity of biomimetic rigid scales.
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using Taylor series to


























f f rsgn( ˙̃y)
, where κ̃e is the substrate curvature at the instant θRV E = θ0 and f f r is the frictional force for each
RVE and can be derived from Fig.A.2 as: [32]
f f r =
sin(β )Ks(θRV E −θ0)sgn( ˙̃y)
cos(ψRV E +β )+ r̄ cosβ
. Here the friction angle β = tan−1 µ and
r̄ =





Moving to the kinetic energy, we express the kinetic energy of the substrate as , where A is again the
cross sectional area of the substrate. The work done by the applied load in this work is evaluated
through the formula W =
∫ L
0 f (x, t)y(x, t).




(T̂ −V̂ +W )dt = 0
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cos(ψRV E +β )− r̄ cos(β )
]
H (κ̃RV E − κ̃e) = f (x̃, t̃) .
(A.1)
After nondimensionalizing the above EOM, we obtain a second order ordinary differential equation
using Bubnov-Galerkin weighted residual method. Mathematically, it is found through evaluating
the following integral
∫ 1
0 (EOM)φ(x) [120]. Note that φ(x) = sinπx for the case of simply sup-
ported beam.

























sin(β )Ks(θRV E −θ0)sgn( ˙̃y)
cos(ψRV E +β )+ r̄ cosβ
sinπx
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